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Abstract. The Riemann correlator with appropriately raised indices characterizes in a gauge-
invariant way the quantum metric fluctuations around de Sitter spacetime including loop
corrections from matter fields. Specializing to conformal fields and employing a method that
selects the de Sitter-invariant vacuum in the Poincare´ patch, we obtain the exact result for
the Riemann correlator through order H4/m4p. The result is expressed in a manifestly de
Sitter-invariant form in terms of maximally symmetric bitensors. Its behavior for both short
and long distances (sub- and superhorizon scales) is analyzed in detail. Furthermore, by
carefully taking the flat-space limit, the explicit result for the Riemann correlator for metric
fluctuations around Minkowki spacetime is also obtained. Although the main focus is on free
scalar fields (our calculation corresponds then to one-loop order in the matter fields), the
result for general conformal field theories is also derived.
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1 Introduction
De Sitter spacetime is a maximally symmetric space whose exponentially expanding part
exhibits an attractor character. Any initial perturbations are redshifted away due to the ex-
ponential expansion and the vacuum left over exhibits a scale-invariant spectrum of quantum
fluctuations, whose properties are closely related to the isometries of de Sitter space. These
features are central to the predictive power of cosmological inflationary models (typically
characterized by a period of quasi-exponential expansion) and circumvent the need for a de-
tailed knowledge of the initial conditions. Indeed, as long as some mechanism gives rise to
an inflating patch with a size larger than the Hubble radius, and given a minimum number
– 1 –
of e-foldings before graceful exit from inflation, any initial excitations are effectively erased.
Furthermore, the amplification of vacuum fluctuations by the quasi-exponential expansion
provides a natural mechanism for the generation of primordial inhomogeneities characterized
by a nearly scale-invariant power spectrum which is simply determined by the expansion rate
and the deviation from exact exponential expansion. The evolution of these inhomogeneities
can satisfactorily explain precise measurements of the cosmic microwave background (CMB)
anisotropies and the observed large scale structure of the universe [1, 2].
The attractor character of expanding de Sitter spacetime, which can also be particularly
relevant for determining the late-time behavior of the visible universe if the current accel-
erated expansion is driven by a cosmological constant, is supported by so-called “no-hair”
theorems in classical general relativity [3–6]. On the other hand, studies at the quantum
level, including the standard treatment of cosmological perturbations during inflation [7, 8],
have mainly been confined to a linearized treatment of both the metric perturbations and
the matter fields. Nevertheless, there has recently been a growing interest in considering the
quantum effects of nonlinear interactions, the corresponding corrections to the primordial
spectrum and their observational implications on CMB anisotropies and large scale struc-
ture [9–11].
Significant progress has been made for interacting quantum field theories in a fixed
classical de Sitter spacetime. A de Sitter-invariant state for sufficiently massive interact-
ing theories (but without derivative interactions) was constructed in terms of its n-point
correlation functions by analytic continuation of the Euclidean correlation functions on the
hypersphere, and a quantum “no-hair” theorem was derived to all orders in perturbation
theory [12–14]. The theorem established that for any well-behaved initial state the cor-
relation functions within a spacetime region of fixed physical size tend to those of the de
Sitter-invariant vacuum at sufficiently late times. These results have been partly extended
to the massless case as well [15, 16]. In addition, steps have been taken to include the back
reaction of the quantum matter fields on the dynamics of the mean geometry within the
framework of semiclassical gravity and it has been shown that the attractor character of de
Sitter spacetime with respect to small metric perturbations still holds when the nonlinear
back reaction from loops of arbitrary conformal matter fields is taken into account [17]. (See
also [18, 19] for related results involving nonconformal fields and spatially isotropic metric
perturbations.)
A further step in the investigation of nonlinear effects of the gravitational interaction
at the quantum level is to include the quantum fluctuations of the metric perturbations
around the mean geometry. These can be studied within the framework of perturbative
quantum gravity regarded as an effective field theory (EFT) [20, 21] provided that there is
a sufficiently large separation of scales between the Hubble scale H and the Planck mass
mp. Quantizing the metric perturbations is necessary in order to calculate the correlators
of cosmological perturbations, and accounting for the nonlinear interaction terms amounts
to computing radiative corrections beyond the standard tree-level computation. As a mat-
ter of fact, initial calculations of one-loop corrections from matter fields found a nontrivial
deviation from (nearly) scale invariance in the power spectrum of both scalar [9, 22] and
tensor perturbations [23] for superhorizon modes, but more detailed analysis later revealed
that this was actually not the case [24, 25]. (Note that due to ultraviolet effects, the power
spectrum defined as the equal-time limit of the spatial Fourier transform of the correlator of
the metric perturbations is strictly speaking ill-defined when considering loop corrections, as
shown in [25].) On the other hand, taking into account loops of the metric perturbations is
– 2 –
more subtle and gives rise to infrared divergences when evaluating the correlators of cosmo-
logical perturbations at points with fixed background coordinates. It has also been suggested
for some time that radiative corrections from higher-order graviton loops1 lead to a secular
screening of the cosmological constant caused by the back reaction of infrared graviton modes
on the dynamics of the mean-field geometry and whose effect builds up over time as more
and more modes get redshifted to superhorizon scales due to the exponential expansion. As
emphasized in [26–29], whenever the metric perturbations are quantized, and particularly
when considering contributions where they are involved in loops, it is important to consider
observables which are not only gauge invariant under diffeomorphisms but also infrared-safe
(i.e., entirely characterized by geometric properties within a region of finite physical size).
Here we consider the connected two-point correlator of the Riemann tensor including
contributions from loops of matter fields but excluding graviton loops, which can be imple-
mented systematically within a large N expansion for N matter fields [30]. The Riemann
tensor with appropriately raised indices is gauge invariant for linear perturbations around
de Sitter [31] and one can see that this implies the gauge invariance of the connected Rie-
mann correlator at order 1/N (i.e. when graviton loops are neglected). Furthermore, since
the Riemann tensor characterizes the local geometry and the contributions of the metric
perturbations to the physical distance between the two points at which the Riemann tensors
are evaluated involve graviton loops (and are, thus, of higher order in 1/N), the connected
Riemann correlator is also an infrared-safe observable at that order.
Specifically, we compute the Riemann correlator2 including radiative corrections from
conformal fields through order H4/m4p, which corresponds to one-loop order for free fields and
to an arbitrary number of matter loops but no internal graviton propagators for interacting
conformal field theories (CFTs). An adiabatic vacuum which leads to a de Sitter invariant
state for the gravitationally interacting theory and generalizes the Bunch-Davies vacuum for
free fields is chosen as our asymptotic initial state, but no further assumptions about de
Sitter invariance are otherwise made throughout our calculation. Remarkably, we obtain
a manifestly de Sitter-invariant result for the Riemann correlator in terms of maximally
symmetric bitensors. It should be emphasized that in contrast with previous studies of loop
corrections to correlators of cosmological perturbations (reference [25] being an exception),
our result is exact at the corresponding order and includes a detailed treatment of ultraviolet
effects as well as an explicit renormalization procedure based on dimensional regularization.
(See also [32] for a related formal result in the Euclidean section of de Sitter space in terms
of an infinite sum of products of hyperspherical tensorial harmonics.) Moreover, rather than
restricting ourselves to the equal-time limit of the correlators (in a preferred background
foliation), we consider arbitrary pairs of spacetime points, which is essential in order to show
the de Sitter invariance of our results.
Although we mainly focus on the case of free massless scalar fields with conformal cur-
vature coupling, our results can be easily extended to any CFT (even interacting ones) and
the general expression for the Riemann correlator is provided in section 5.4. This is possible
because the result of integrating out the matter fields is given by a nonlocal effective action
whose form is the same for any CFT except for the values of two constant coefficients, as
1It should be made clear that we employ the terms “graviton loop” and “graviton propagator” to refer to
the metric perturbations of scalar, vectorial and tensorial type, as usually done in this context, and not just
to the tensorial ones.
2We always consider the connected Riemann correlator, but throughout the rest of the article we will
employ the expression “Riemann correlator” for short.
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explained in [17] and briefly reviewed in section 3.1 below. Integrating out the metric pertur-
bations and obtaining the loop-corrected Riemann correlator is then completely analogous
to the case of the free scalar fields. As a separate by-product, we also compute the Riemann
correlator in Minkowski spacetime by carefully taking the flat-space limit of our result in de
Sitter. To the best of our knowledge, this result for the Riemann correlator in Minkowski
spacetime including loop corrections from conformal fields has not been obtained previously
either. There are results in the literature for the metric correlator [33, 34] and the correlator
of the Einstein tensor [34], which is closely related to the stress tensor correlator [35], but
not for the full Riemann correlator.
The article is organized as follows. In section 2 we review the decomposition of the
metric perturbations, taking into account the symmetries of the background spatial sections,
into scalar, vectorial and tensorial perturbations. We write the perturbations in terms of
spatial Fourier modes and fix the gauge for quantization. In section 3 we first briefly review
the closed-time-path (CTP) effective action method for computing, in the Poincare´ patch,
the correlators of the different types of metric perturbations with respect to the de Sitter-
invariant vacuum of the interacting theory, selected by the i prescription that we employ.
For the scalar and vectorial modes, which are constrained degrees of freedom, the calculation
is performed from the start and we compute the correlators up to order H4/m4p (which
corresponds to one-loop order for free matter fields). For the tensorial modes the calculation
is much more involved, but we can take advantage of the result previously obtained in [25].
The result for the metric correlator is of course gauge dependent and does not exhibit de
Sitter invariance explicitly, but it is invariant under spatial rotations and translations as
well as under a simultaneous rescaling of the spatial and conformal time coordinates, which
are necessary conditions for de Sitter invariance. In section 4 we review the formalism of
de Sitter-invariant bitensors developed by Allen and Jacobson [36] and we adapt it to the
spatially flat coordinates of the Poincare´ patch in de Sitter space. Section 5 contains the
main results of the paper: we compute the connected two-point correlator of the Riemann
tensor Rabcd by taking suitable derivatives of the metric correlator computed in section 3.
We are able to write the result in a manifestly de Sitter-invariant form in terms of covariant
derivatives of the invariant interval Z(µ), which is a function of the geodesic distance µ(x, x′)
between the two points. We also provide an alternative expression of the correlator in terms
of the de Sitter-invariant bitensors introduced by Allen and Jacobson. Moreover, given the
decomposition of the Riemann tensor in terms of Weyl and Ricci tensors, we write the explicit
results for the Weyl and Ricci correlators as well as the Weyl-Ricci correlator and study both
their short and long-distance (superhorizon) behavior. These results are extended to general
CFTs in section 5.4 and the flat-space limit of all the correlators is provided in section 5.5.
In section 6 we compare with previous results for the Weyl correlator at tree level [37–39]
and the Ricci correlator at one-loop order, which can be directly related to the stress tensor
correlator of the matter fields [31, 35]. Finally, we discuss our main results and perspectives
for future work in section 7. Some technical details and long expressions are included in the
Appendices.
We use the “+++” sign convention of [40]. According to our notation Latin indices range
over space and time, while Greek indices are used for spatial components. Furthermore, we
work in natural units with c = ~ = 1 and set κ2 = 16piGN = 16pi/m2p , where GN is Newton’s
gravitational constant. Covariant derivatives with respect to the background de Sitter metric
are denoted by ∇ˆa or a semicolon. In general, objects referring to the de Sitter background
are indicated with a hat over the symbol, while objects which include perturbations around
– 4 –
this metric are marked with a tilde. The spatial Fourier transform of a given quantity is in
turn denoted by an overbar.
2 Decomposition of the metric perturbations
In this section we decompose the metric perturbations into different sectors according to
their behavior under spatial transformations as was first done in [41, 42], and fix the gauge.
In contrast to the Fadeev-Popov gauge-fixing procedure, which is implemented at the level
of the generating functional and leads to the introduction of additional ghost fields to cancel
residual unphysical modes, we fix the gauge completely proceeding in a way analogous to
that advocated in [43] and which is essentially equivalent to working in reduced phase-space.
This ensures that only physical modes contribute. In addition, the approach is not affected
by recent controversy about the validity of (certain) average gauges in de Sitter spacetime
[44–49].
In the Poincare´ patch of de Sitter spacetime, the de Sitter metric with spatially flat
sections can be written using Cartesian coordinates as gˆab = a
2(η)ηmn, where ηmn is the
Minkowski metric, −∞ < η ≤ 0 is the conformal time and a(η) = (−Hη)−1. To this metric
we add perturbations hmn. The resulting metric reads
g˜mn = a
2(η)gmn = a
2(η) (ηmn + κhmn) = gˆmn + a
2(η)κhmn . (2.1)
The metric perturbation hmn is sometimes called the “pseudo-graviton field” [50]. In general
we will use the tilde over a symbol to refer to terms defined with the perturbed physical
metric g˜ab, while hats over a symbol denote quantities defined in the de Sitter background
gˆab. Under an infinitesimal coordinate transformation of the full metric generated by a vector
field ψm, the physical perturbation a
2hmn changes by the gauge transformation
a2hmn → a2hmn + ∇ˆmξˆn + ∇ˆnξˆm , (2.2)
which upon rescaling of the vector field ξˆm = a
2ξm gives
hmn → hmn + ∂mξn + ∂nξm + 2
η
ηmnξ0 . (2.3)
To fix the gauge, we first decompose the perturbation hmn according to its transforma-
tion properties under spatial diffeomorphisms. The spatial part hαβ (α, β = 1, 2, 3) can be
decomposed as
hαβ = h
TT
αβ + 2∂(αw
T
β) + ∂α∂βσ + τδαβ , (2.4)
where δµα∂µh
TT
αβ = 0 = δ
αβhTTαβ and δ
αβ∂αw
T
β = 0. The temporal components similarly can
be decomposed as
h0α = v
T
α + ∂αψ , h00 = ϕ , (2.5)
where δαβ∂αv
T
β = 0. In total, we have four scalars ϕ, ψ, σ, τ , two transverse vectors wα and
vα with two kinematical degrees of freedom each, and a transverse traceless tensor h
TT
αβ with
also two kinematical degrees of freedom, which amount to 10 kinematical degrees of freedom
as expected for a symmetric 4× 4 matrix.
Decomposing also the vector field ξm as
ξα = χ
T
α + ∂αξ , (2.6)
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where δαβ∂αχ
T
β = 0, we can see that the different components change under a gauge trans-
formation as follows:
hTTαβ → hTTαβ wTα → wTα + χTα
σ → σ + 2ξ τ → τ + 2
η
ξ0
vTα → vTα + χT ′α ψ → ψ + ξ′ + ξ0
ϕ→ ϕ+ 2ξ′0 −
2
η
ξ0 .
(2.7)
Choosing χTα , ξ and ξ0 appropriately, we can therefore set wα, σ and τ to zero. Then,
the spatial part – now in the transverse traceless gauge – describes the dynamical, physical
perturbations, which are gravitational waves with two independent polarizations.
We take now the Fourier transform with respect to the spatial arguments
hmn(η,x) =
∫
h¯mn(η,p)e
ipx d
3p
(2pi)3
. (2.8)
Here we introduced the notation that will be used throughout the article of using an overbar
over a quantity to indicate the spatial Fourier transform of that object. After fixing the gauge
wTα = 0 = σ = τ , the metric perturbation (2.4)-(2.5) reads in terms of its Fourier modes as
h¯mn = δ
0
mδ
0
nϕ¯+ 2δ
0
(m
(
v¯Tn) + ipn)ψ¯
)
+ h¯TTmn , (2.9)
where now
v¯0 = p0 = p
mv¯Tm = p
mh¯TTmn = h¯
TT
0m = η
mnh¯TTmn = 0 . (2.10)
In the next section, we will quantize the metric perturbations. As we will see, whereas the
tensorial perturbations are true dynamical degrees of freedom of the gravitational field, the
scalar and vectorial parts are constrained degrees of freedom since they are determined by the
matter content of the theory, i.e., by the stress tensor through the Einstein equations. Thus,
at the operator level these perturbations could be eliminated in favor of the matter fields,
as advocated in cosmology by Maldacena [43]. However, in our case it is more convenient
to deal with these constrained perturbations in a different way, which is nevertheless fully
equivalent to their elimination at the operator level.
3 Two-point functions of the metric perturbations
We will consider the quantization of the metric perturbations hab around a spatially flat
Friedmann-Lemaˆıtre-Robertson-Walker (FLRW) background within the framework of per-
turbative quantum gravity regarded as an effective field theory [21, 51], and will calculate
the two-point correlation function of the metric perturbations including the radiative cor-
rections from N massless, conformally coupled scalar fields. The fields have a vanishing
expectation value and the evolution of the background spacetime is driven by a cosmological
constant. Furthermore, the correlation function will be computed to leading order in 1/N ,
which excludes any contributions from graviton loops since those are of higher order in 1/N .
In that case one only needs counterterms in the gravitational action up to quadratic order in
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the curvature (otherwise higher curvature terms as well as higher-order terms involving the
matter fields would be required) and the total bare action is, therefore, given by
S[g˜, φ˜] =
N
κ¯2
∫ (
R˜− 2Λ
)√
−g˜ dnx+Na1
∫ (
R˜abcdR˜abcd − R˜abR˜ab
)√
−g˜ dnx
+Na2
∫
R˜2
√
−g˜ dnx− 1
2
N∑
k=1
∫ [(
∇˜mφ˜k
)(
∇˜mφ˜k
)
+ ξ(n)R˜φ˜2k
]√
−g˜ dnx .
(3.1)
All the parameters in the purely gravitational part of the action (κ¯, a1, a2 and Λ) are in
principle bare parameters. On the other hand, working at leading order in 1/N the action
for the matter fields is finite and the parameter ξ(n) = (n− 2)/[4(n− 1)] has been chosen so
that the matter sector is conformally invariant in arbitrary dimensions at the classical level.
We consider the action in n dimensions so that dimensional regularization can be employed.
Moreover, we have introduced a rescaled gravitational coupling κ¯2 = Nκ2 which enables a
useful organization of the Feynman diagrams in terms of a large N expansion for N matter
fields. Graviton loops are then suppressed in comparison to matter loops by additional powers
of 1/N and we can neglect them when calculating the correlation functions to leading order
in 1/N [30]. Finally, in order to take advantage of the conformal flatness of the background
spacetime in our calculation, it is convenient to rescale the scalar fields as φ˜ = a1−
1
2
nφ
when carrying out explicit computations. Sometimes it is also convenient to rewrite the first
counterterm quadratic in the curvature in terms of the square of the Weyl tensor and the
integrand of the four-dimensional Euler invariant, E˜4 = R˜abcdR˜abcd−4R˜abR˜ab+R˜2, as follows:∫ (
R˜abcdR˜abcd − R˜abR˜ab
)√
−g˜ dnx = −
(
1
2
− 3
4
(n− 4)
)∫
E˜4
√
−g˜ dnx
+
n− 4
12
∫
R˜2
√
−g˜ dnx+
(
3
2
− 3(n− 4)
4
)∫
C˜abcdC˜abcd
√
−g˜ dnx+O ((n− 4)2) ,
(3.2)
where the expression for the Weyl tensor in n dimensions is to be considered here.
Since we want to calculate true expectation values rather than transition matrix el-
ements, we need to use the “in-in” (or CTP) formalism. This is a generalization of the
standard “in-out” formalism where one introduces two copies of each field (distinguished by
the superscript ±) or, alternatively, one considers an integration contour for the time inte-
grals that goes from the (asymptotic) initial time to some sufficiently late time and back
to the initial time [52]. We give here a short overview of the method employed (a more
detailed description is provided in [25]) and for notational simplicity we suppress the tensor
indices. One starts by introducing the CTP generating functional Z[J±], which depends on
two sources J± and is given by
Z[J±] = tr
[(
T ei
∫
J+(x)hˆ(x) dnx
)
ρˆ
(
T˜ e−i
∫
J−(x)hˆ(x) dnx
)]
=
∫
δ
[
φ+(T )− φ−(T )]δ[h+(T )− h−(T )]δ[h±(t0)− h±0 ]δ[φ±(t0)− φ±0 ]×
× 〈φ+0 , h+0 ∣∣ρˆ∣∣φ−0 , h−0 〉ei(S[h+,φ+]+∫ J+h+ dnx)−i(S[h−,φ−]+∫ J−h− dnx)Dφ±Dh±Dφ±0 Dh±0 ,
(3.3)
where T and T˜ denote respectively time ordering and anti-time ordering, the density matrix ρˆ
describes the state of the system at the initial time t0, and φ
±
0 and h
±
0 are field configurations
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at the initial time t0 which are also integrated over. This time can be finite, although
one would then need to consider an appropriately dressed state for the interacting theory.
The final time T in the generating functional is arbitrary as long as it is larger than all
the times of interest, i.e., the times appearing in the correlation function that we want to
calculate. In practice, a convenient procedure is to assume a factorized initial density matrix〈
φ+0 , h
+
0
∣∣ρˆ∣∣φ−0 , h−0 〉 = 〈φ+0 ∣∣ρˆφ∣∣φ−0 〉〈h+0 ∣∣ρˆh∣∣h−0 〉 and perform the functional integral over the
matter fields first. The selection of the right asymptotic initial state for the interacting
theory, which includes correlations between the matter fields and the metric perturbations,
can still be implemented by making use of a suitable i prescription in the subsequent time
integration contours and taking t0 → −∞ [25].
The two-point functions, which are true expectation values with respect to the “in”
state, are then obtained by functionally differentiating the generating functional Z[J±] with
respect to the sources:
〈in|PhA(x)hB(x′)|in〉 =
[
Z−1[J±]
δ2Z[J±]
iδJA(x) iδJB(x′)
]
J=0
= iGAB(x, x
′) , (3.4)
where the indices A and B can take the values ±. The path ordering denoted by P is a
generalization of the time ordering T and the anti-time ordering T˜ . Particularizing the four
possible values of the index pair AB, we have
G++(x, x
′) = −i〈in|T h(x)h(x′)|in〉 , G−+(x, x′) = −i〈in|h(x)h(x′)|in〉 ,
G−−(x, x′) = −i〈in|T˜ h(x)h(x′)|in〉 , G+−(x, x′) = −i〈in|h(x′)h(x)|in〉 .
(3.5)
When performing the functional integrals for the matter fields in equation (3.3), the
integrals over the scalar field φ are convergent in n 6= 4 dimensions, but exhibit ultraviolet
divergences as n → 4, which are canceled by the counterterms in the bare action (3.1) (for
massless fields only counterterms quadratic in the curvature tensors are necessary). One is
then left with
Z[J±] =
∫
δ
[
h+(T )− h−(T )]δ[h±(t0)− h±0 ]×
× 〈h+0 ∣∣ρˆh∣∣h−0 〉ei(SG[h+]+∫ J+h+ dnx)−i(SG[h−]+∫ J−h− dnx)+iΣ[h±]Dh±Dh±0 , (3.6)
where SG[h] corresponds to the gravitational part of the original action (3.1) and Σ[h
±]
results from the functional integration of the matter fields. Both SG[h] and Σ[h
±] are already
renormalized quantities, after the cancellation of the divergences arising in the functional
integration with the counterterms in the bare gravitational action has taken place. They can
be combined into the following quantity, which is often called the CTP effective action [53]:
Seff[h
±] = SG[h+]− SG[h−] +Σ[h±] = S0[h+]− S0[h−] + Sint[h±] , (3.7)
where we have separated in the second equality the free part S0[h
±] of the gravitational
action (quadratic in h± and of order κ0) and all the remaining terms, including the nonlocal
terms in Σ[h±], which are denoted by Sint[h±]. The generating functional (3.6) can then be
rewritten as
Z[J±] = eiSint[∓iδ/δJ
±] Z0[J
±] , (3.8)
where Z0[J
±] is the generating functional associated with the free part. This is a useful way
of organizing the calculation which allows (by expanding the exponential) a simple derivation
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of the Feynman rules for general interacting theories and is directly applicable to both the
“in-out” and CTP formalisms. When computing connected correlation functions to leading-
order in 1/N , we only need to consider terms in Seff[h
±] which are linear and quadratic in
h since terms with higher powers of h give rise to contributions of higher order in 1/N [30].
(There is also an irrelevant term which does not depend on the perturbation h.) If we demand
that the background metric a2(η)ηab is a solution of the semiclassical Einstein equation
3, the
linear terms cancel out and we are left with a purely quadratic expression. At this order the
the renormalized CTP effective action becomes
Seff[h
±] = S0[h+]− S0[h−] + κ2S2[h±] , (3.9)
where only terms quadratic in h should be included and the result has been expanded in
powers of κ.
From equation (3.9) we have Sint[h
±] = κ2S2[h±] and one can then obtain the correlation
functions up to order κ2 (and leading order in 1/N) by expanding the exponential in equation
(3.8) up to that order (which corresponds, for free fields, to one-loop order in the matter
fields):
Z[J±] =
(
1 + κ2S2
[∓i δ/δJ±]+O (κ4))Z0[J±] . (3.10)
The generating functional for the free part is given by
Z0[J
±] = exp
[
− i
2
∫ ∫
JA(x)G0AB(x, x
′)JB(x′) d4x d4x′
]
, (3.11)
where G0AB corresponds to the free part of the two-point correlation functions (3.4). Substi-
tuting equation (3.11) into equation (3.10) and functionally differentiating with respect to
the sources J±, we obtain the following result for the two-point functions (3.4) up to order
κ2:
GAB(x, x
′) = G0AB(x, x
′)− κ2
∫∫
G0AM (x, y)VMN (y, y
′)G0NB(y
′, x′) d4y′ d4y +O (κ4) ,
(3.12)
where V is the amputated one-loop contribution from S2, given by
V =
(
δ2
δh+δh+
δ2
δh+δh−
δ2
δh−δh+
δ2
δh−δh−
)
S2[h
+, h−] . (3.13)
The Feynman-Stueckelberg diagrams corresponding to equation (3.12) are shown in figure 1.
Also known as the CTP propagator of the free theory, G0AB satisfies the equation∫
A0AM (x, y)G
0
MB(y, x
′) d4y = δ4(x− x′)δAB , (3.14)
with the tree-level kinetic operator A0AM defined as
A0MN =
(
δ2S0[h+]
δh+δh+
0
0 − δ2S0[h−]
δh−δh−
)
. (3.15)
3A small shift of the background cosmological constant Λ is thus introduced, leading to a new Λeff which
defines a quantum corrected Hubble parameter H =
√
Λeff/3 in a(η); see [25] for details.
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x x′
=
x x′
+
x y y′ x′
+
x y x′
+
x y x′
Figure 1. Feynman-Stueckelberg diagram corresponding to our calculation of the two-point quantum
correlator of the metric perturbations up to order κ2 for a massless, conformally coupled free scalar
field. Wiggly lines correspond to metric perturbations and solid lines to scalar fields.
Note, however, that equation (3.14) does not specify completely the free propagator G0AB
and one needs to provide, in addition, appropriate boundary conditions which determine the
operator ordering of the different components as well as the quantum state of the field. In
equations (3.11)-(3.15), capital Latin indices take [as in equation (3.4)] the values ±, and
repeated indices are summed over.
Equation (3.12) involves time integrals between the initial time t0 and the final time T
with a suitable i prescription that selects the true asymptotic vacuum state of the interacting
theory. As mentioned above, this consists in sending the initial time t0 to −∞ along a slightly
imaginary direction:
t±0 → −∞(1∓ i) with  > 0 . (3.16)
Whether we have to take t+0 or t
−
0 depends on the corresponding index (M or N) in equa-
tion (3.12), e.g., if M = +, the integral over y runs from t+0 to T .
3.1 The CTP effective action
The renormalized effective action Seff[h
±] for the free conformal field model specified by
equation (3.1) has been calculated up to quadratic order in h± in [54, 55]. In fact, as
emphasized in section 8 of [17], the result is essentially the same for any CFT and is given
at that order by
Seff[h
±] = SG[h+]− SG[h−] + κ2SK2 [h±] , (3.17)
where SG takes the following simple form [17, 56]:
SG[h] =
1
κ2
∫ (
R˜− 2Λ
)√
−g˜ d4x+ β
∫
R˜2
√
−g˜ d4x+ b
∫
ln aCabcdCabcd
√−g d4x
+ lim
n→4
b′
n− 4
(∫
E˜4
√
−g˜ dnx−
∫
E4
√−g dnx
)
.
(3.18)
Note that the difference between the integrals of the Euler densities for two conformally
related spacetimes is of order (n − 4) and the contribution proportional to b′ in equation
(3.18) is, thus, always finite. Furthermore, since E4 vanishes through quadratic order for
metric perturbations around Minkowski spacetime, only the integral of E˜4 contributes up
to that order in our case. On the other hand, the last term on the right-hand side of
equation (3.17), SK2 [h
±], is a nonlocal term quadratic in the linearized Weyl tensor which
coincides with Σ[h±] at quadratic order and is given by
κ2SK2 [h
±] = b
∫∫
CabcdM (x)
(
K+(x− y; µ¯) K(x− y)
K(y − x) −K−(x− y; µ¯)
)
MN
CNabcd(y) d
4x d4y , (3.19)
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where Cabcd(x) is the linearized Weyl tensor evaluated for the perturbation κhab around the
flat-space metric ηab [i.e., without the conformal factor a(η)] and the kernels K are given in
terms of the following spacetime Fourier transforms:
K(x) = −ipi
∫
Θ(−p2)Θ(−p0)eipx d
4p
(2pi)4
K±(x;µ) =
1
2
∫ [
− ln
∣∣∣∣ p2µ2
∣∣∣∣± ipiΘ(−p2)] eipx d4p(2pi)4 ,
(3.20)
with µ being some renormalization scale. In [54, 55] a value of the renormalization scale µ¯
was chosen so that the renormalized coupling constant aren1 (µ¯) in equation (3.1) vanishes. To
shorten the intermediate expressions, we will also make this choice. However, once we obtain
the final result in section 5, we will specify the small changes needed so that the result is valid
for an arbitrary µ. More specifically, from equations (3.1)–(3.2) together with (3.19)–(3.20)
we have the following relation between two different values of the renormalization scale µ0
and µ:
Naren1 (µ) = Na
ren
1 (µ0)−
2
3
b ln
(
µ
µ0
)
, (3.21)
so that for an arbitrary value µ of the renormalization scale we have to make the replacement
b ln µ¯→ (3/2)Naren1 (µ) + b lnµ. This guarantees that the effective action Seff[h±] is invariant
under the action of the renormalization group.
x x′
=
x x′
+
y x′
+
x y x′x y′
Figure 2. Diagram corresponding to our calculation of the two-point quantum correlator of the
metric perturbations up to order κ2 for a general CFT. The filled circle represents contributions with
an arbitrary number of matter loops but no internal graviton propagators, and the last diagram is
the contribution from the counterterms, which after renormalization give rise to finite contributions
[multiplied by β, b and b′ in equation (3.18)].
Different CFTs will correspond to different values of the constants b and b′ [for instance,
b = 3α/2 and b′ = −α/2 with α = N/(2880pi2) for the free scalar field model specified in
equation (3.1)] and β is a free parameter, but the expressions for Seff are otherwise the
same. This means that the results for the Riemann correlator through order κ4 obtained in
section 5 will also be valid for general CFTs, even interacting ones. For interacting fields this
will include radiative corrections with an arbitrary number of matter loops but no graviton
loops (which would give rise to contributions of higher order in 1/N) nor any internal graviton
propagators connecting different matter loops (which correspond to contributions of higher
order in κ2). The corresponding Feynman-Stueckelberg diagram is shown in figure 2.
The effective action for conformal fields (3.17) has been previously computed in a num-
ber of references [32, 55, 57], sometimes neglecting the conformally invariant nonlocal term
[56, 58–60]. This has been employed to derive the linearized semiclassical Einstein equation
(obtained by functionally differentiating the effective action with respect to hab) and study
the evolution of the mean spacetime geometry when considering linear perturbations around
a conformally flat background metric [17, 55, 57, 61–64]. (See also [34, 65] for related re-
sults involving massive (scalar) fields coupled to metric perturbations around a Minkowski
– 11 –
background.) It should be emphasized that the effective action (and the linearized semiclas-
sical equation) essentially corresponds to the amputated version of the diagrams appearing
in figures 1 and 2, i.e., without the external legs involving the free propagators of the metric
perturbations. Instead, the main objects of study in the present paper are the correlator for
the quantum fluctuations of the metric perturbations around the mean background geometry,
with associated Feynman-Stueckelberg diagrams depicted in figures 1 and 2, as well as the
corresponding Riemann correlator. In contrast to the situation for a Minkowski background,
the exact computation of the two vertex integrals needed in order to obtain the diagrams
with external legs from the amputated diagrams is highly nontrivial in de Sitter due to the
time-dependence of the background metric and the more complex expression for the graviton
propagator. This also makes the computation of the Riemann correlator (an eighth rank
bitensor) and the presentation of the result in a manifestly de Sitter-invariant form, carried
out in section 5, rather involved.
3.1.1 Decomposition into scalar, vectorial and tensorial parts
From this point on we specialize to the case of free scalar fields by taking the particular
values specified above for the parameters b and b′, and will return to the case of general
CFTs in section 5.4. In the rest of this subsection we decompose the effective action into
scalar, vectorial and tensorial parts. This will be done for the local part S0 + S
G
2 first, and
then for the nonlocal part SK2 .
Inserting the decomposition of the metric perturbation (2.9), we see that the tensorial,
vectorial and scalar perturbations decouple. Specifically, when expanded in powers of κ as
done in equation (3.9), the effective action (3.17), which only contains terms quadratic in
h±, can be written as
S0[h] = S
S
0 [ϕ,ψ] + S
V
0 [v
T
m] + S
TT
0 [h
TT
mn] ,
S2[h
±] = SG2 [h
+]− SG2 [h−] + SK2 [h±] ,
SG2 [h] = S
G,S
2 [ϕ,ψ] + S
G,V
2 [v
T
m] + S
G,TT
2 [h
TT
mn] ,
(3.22)
where the scalar (S), vectorial (V) and tensorial (TT) parts have been separated, except for
the nonlocal term SK2 , which will be decomposed below. For the scalar part we have
SS0 [ϕ,ψ] = −
3
2
H2
∫
a4ϕ2 d4x+ 2
∫
Ha3ϕ4ψ d4x ,
SG,S2 [ϕ,ψ] =
5
2
αH4
∫
a4ϕ2 d4x− 2 (3α− β)H2
∫
Ha3ϕ4ψ d4x
+ α
∫ [
1
2
(4ϕ)2 − 2 (4ϕ)4ψ′ + 2 (4ψ′)2] ln a d4x
+ β
∫ [
− 7
4
H2a2ϕ4ϕ− 3
4
H2a2
(
ϕ′
)2 − 1
12
(4ϕ)2 −Haϕ4ψ′′ +Ha (4ϕ)4ψ
+
1
3
(4ϕ)4ψ′ − 2H2a2 (4ψ)2 − 1
3
(4ψ′)2 ]d4x .
(3.23)
where a prime is used to denote a derivative with respect to the conformal time η, 4 =
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ηµν∂µ∂ν and  = ηmn∂m∂n = −∂2η +4. On the other hand, for the vectorial part we have
SV0 [v
T
m] = −
1
2
∫
a2vmT4vTm d4x ,
SG,V2 [v
T
m] =
1
2
(α+ 2β)H2
∫
a2vmT4vTm d4x−
3
2
α
∫ [
(4vmT )
(4vTm)+ v′mT 4vT′m ] ln a d4x ,
(3.24)
and the tensorial part is given by
STT0 [h
TT
mn] = −
1
4
∫
a2(∂sh
TT
mn)(∂
shmnTT) d
4x ,
SG,TT2 [h
TT
mn] = −
1
4
(5α− 2β)H2
∫
a2(∂sh
TT
mn)(∂
shmnTT) d
4x− 3
2
αH2
∫
a2hTT′mn h
′mn
TT d
4x
+
3
4
α
∫
(hTTmn)(hmnTT) ln a d4x .
(3.25)
The nonlocal part SK2 can also be decomposed into scalar, vectorial and tensorial parts
when we take into account that the product of the two linearized Weyl tensors [integrated
with a kernel as in equation (3.19)] can be decomposed in that way. In fact, for the scalar
sector we have
C+abcd(x)C−abcd(y)
∣∣∣
S
=
κ2
3
[ (4ϕ+(x)) (4ϕ−(y))+ 4 (4ψ+′(x)) (4ψ−′(y))
− 2 (4ϕ+(x)) (4ψ−′(y))− 2 (4ψ+′(x)) (4ϕ−(y)) ] , (3.26)
for the vectorial sector we get
C+abcd(x)C−abcd(y)
∣∣∣
V
= −κ
2
2
ηab
[ (
v+Ta (x)
) (4v−Tb (y))+ (4v+Ta (x)) (v−Tb (y)) ] , (3.27)
and the term for the tensorial sector is given by
C+abcd(x)C−abcd(y)
∣∣∣
TT
=
κ2
2
(
h+TTab (x)
)
ηacηbd
(
h−TTcd (y)
)
. (3.28)
Thus, up to the order at which we are working and which does not include nonlinear
interactions for the metric perturbations, the effective action separates into three independent
parts corresponding to the scalar, vectorial and tensorial perturbations of the metric. This
in turn implies that the two-point function can also be written as the sum of scalar, vectorial
and tensorial parts:
G−+abcd(x, x
′) = G−+Sabcd (x, x
′) +G−+Vabcd (x, x
′) +G−+TTabcd (x, x
′) , (3.29)
where we have now restored the tensorial indices explicitly. In section 3.2 we calculate the
one-loop contribution for the vectorial and scalar parts. The tensorial part, whose calculation
is the most elaborate, was derived in [25] and we merely restate the result in section 3.3.
The two-point function (3.29) will be given in the exact gauge defined by equation (2.9),
and is not de Sitter-invariant. However, this should not be taken to conclude that the
corresponding “in” vacuum state is not de Sitter-invariant, since it results from having chosen
a gauge which is not de Sitter invariant. Indeed, the result for the gauge-invariant Riemann
correlator obtained in section 5.1 will instead be manifestly de Sitter invariant.
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3.2 One-loop two-point function for the vectorial and scalar sector
The scalar and vectorial parts of the lowest-order CTP effective action (3.9) are given by
equations (3.23) and (3.24), respectively. Let us now Fourier transform the scalar and vec-
torial perturbations with respect to the spatial arguments to obtain
SS0 + S
V
0 =
1
2
∫
a2p2v¯mT v¯
T∗
m
d3p
(2pi)3
dη − 3
2
H2
∫
a4ϕ¯ϕ¯∗
d3p
(2pi)3
dη − 2
∫
Ha3p2ϕ¯ψ¯∗
d3p
(2pi)3
dη ,
(3.30)
where all fields depend on η and p and we have used bars to denote Fourier-transformed
quantities with respect to the spatial coordinates. Introducing a right-handed orthonormal
set of three vectors eA(p) such that p = |p|e3 and choosing that under reflection they satisfy
e3(−p) = −e3(p) , e1(−p) = e2(p) , e2(−p) = e1(p) , (3.31)
we can form the two (real) scalars
v¯+ =
1
2
(em1 + e
m
2 )v¯
T
m , v¯− =
i
2
(em1 − em2 )v¯Tm . (3.32)
Taking into account the transversality condition pmv¯Tm = 0, the vector v¯
T
m can be written as
v¯mT = v¯+ (e
m
1 + e
m
2 )− iv¯− (em1 − em2 ) . (3.33)
The action (3.30) then reads
SS0 + S
V
0 = −
3
2
H2
∫
a4ϕ¯ϕ¯∗
d3p
(2pi)3
dη − 2
∫
Ha3p2ϕ¯ψ¯∗
d3p
(2pi)3
dη
+
∫
a2p2
(
v¯+v¯
∗
+ + v¯−v¯
∗
−
) d3p
(2pi)3
dη ,
(3.34)
and the tree-level kinetic operator A0 of equation (3.15) has the following non-vanishing
components:
A¯0++v+v+ = A¯
0++
v−v− =
2
H2η2
p2 , A¯0++ϕϕ = −
3
H2η4
, A¯0++ψψ = 0 , A¯
0++
ϕψ = A¯
0
ψϕ =
2
H2η3
p2 ,
(3.35)
with A¯0−− = −A¯0++ in every case. We see that the scalar and vectorial perturbations
satisfy elliptic equations (they become purely algebraic in spatial Fourier space) rather than
hyperbolic ones, which reflects the fact they are not true dynamical degrees of freedom but
constrained ones. Analogously to the situation for the potential of the electromagnetic field
in the Coulomb gauge, the CTP generating functional for the scalar and vectorial sector will
still be given by equation (3.11), but with free “propagators” G0AB proportional to δ(η − η′)
that result from solving the algebraic equation(
A¯0++(η,p) 0
0 −A¯0++(η,p)
)(
G¯0++(η, η′,p) G¯0+−(η, η′,p)
G¯0−+(η, η′,p) G¯0−−(η, η′,p)
)
= 1δ(η − η′) . (3.36)
for their spatial Fourier transforms. By inverting the first matrix on the left-hand side of
equation (3.36), it follows that G¯0+−(η, η′,p) = G¯0−+(η, η′,p) = 0 as well as G¯0−−(η, η′,p) =
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−G¯0++(η, η′,p), and for the latter “propagator” we have
G¯0++v+v+ = G¯
0++
v−v− =
H2η2
2p2
δ(η − η′) ,
G¯0++ϕψ = G¯
0++
ψϕ =
H2η3
2p2
δ(η − η′) ,
G¯0++ψψ =
3H2η2
4(p2)2
δ(η − η′) ,
G¯0++ϕϕ = 0 .
(3.37)
Using the decomposition (2.9) for the metric perturbations, we readily obtain for the vector
“propagator”
G¯0++Vabcd (η, η
′,p) = 4δm(aδ
0
b)δ
0
(cδ
n
d)
(
e1me
1
n + e
2
me
2
n
) (
G¯0++v+v+ + G¯
0++
v−v−
)
= 4δ0(aPb)(cδ
0
d)
H2η2
p2
δ(η−η′) ,
(3.38)
where the projection tensor Pmn is defined as
Pmn = ηmn + δ
0
mδ
0
n −
pmpn
p2
, (3.39)
with pa = (0,p) in the spatially flat coordinate system that we have chosen. Similarly, for
the scalar “propagator” we obtain
G¯0++Sabcd (η, η
′,p) = 2i
(
δ0(apb)δ
0
c δ
0
d − δ0aδ0b δ0(cpd)
)
G¯0++φψ + δ
0
aδ
0
b δ
0
c δ
0
dG¯
0++
φφ + 4δ
0
(apb)δ
0
(cpd)G¯
0++
ψψ
= δ0(a
[
iη
(
pb)δ
0
(c − δ0b)p(c
)
+ 3
pb)p(c
p2
]
δ0d)
H2η2
p2
δ(η − η′) .
(3.40)
Because they are proportional to δ(η−η′), when substituting the propagators (3.38) and
(3.40) into equation (3.12) to calculate the correlation function for the scalar and vectorial
sector of the metric perturbations, the two time integrals can be trivially performed and the
result is directly proportional to the corresponding component of the matrix VAB defined in
equation (3.13). (This is equivalent to solving the constraints corresponding to the Einstein
equations for the scalar and vectorial perturbations, which become proportional, in Fourier
space, to the stress tensor [17]. Their correlator is then directly determined by the stress
tensor correlator of the matter fields, which essentially coincides with VAB.) Furthermore,
since the tree-level Wightman functions for the vectorial and scalar parts vanish, as seen
above, the only parts of the matrix V that contribute in this case to equation (3.12) are
those with the index M equal to A and the index N equal to B. Therefore, calculating the
Wightman function at one-loop order, for which AB = −+, there will be no contribution
from V++ nor V−− [which include all of SG2 in equation (3.22) as well as the terms with the
two kernels K± in equation (3.19)]. Taking into account that G¯0−− = −G¯0++, the vector
contribution to the two-point function (the positive Wightman function) is then given by
G¯−+Vabcd (η, η
′,p) = κ2
∫∫
G¯0++Vabmn (η, τ,p)V¯
mnpq
−+ (τ, τ
′,p)G¯0++Vpqcd (τ
′, η′,p) dτ ′ dτ , (3.41)
where V−+ is obtained by functionally differentiating the terms involving the kernel K in
equation (3.19). After inserting the vector “propagator” (3.38) and performing the time
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integrals, the result reads
G¯−+Vabcd (η, η
′,p) = 6iακ2δ0(aPb)(cδ
0
d)H
4η2(η′)2
1
p2
(
∂2η + p
2
)
S¯(η − η′,p) , (3.42)
where we defined the kernel
S¯(η − η′,p) = −ie−i|p|(η−η′)P 1
η − η′ + piδ(η − η
′) . (3.43)
This kernel is obtained (up to a proportionality factor) by the temporal Fourier transform
of the kernel K in equation (3.20)4. Here P denotes Hadamard’s finite-part distribution
[25, 66].
Proceeding in the same way, one finds that the scalar contribution is given by
G¯−+Sabcd (η, η
′,p) =
i
2
ακ2H4
[
9δ0(apb)δ
0
(cpd)
η2(η′)2
(p2)2
∂2η + 3δ
0
(apb)δ
0
(cpd)
η2(η′)2
p2
(η − η′)∂η
− δ0(apb)δ0(cpd)η3(η′)3 − 3iδ0aδ0b δ0(cpd)
η3(η′)2
p2
∂2η + 3iδ
0
(apb)δ
0
c δ
0
d
η2(η′)3
p2
∂2η
+ iδ0(a
(
δ0b)p(c + pb)δ
0
(c
)
δ0d)η
3(η′)3∂η + δ0aδ
0
b δ
0
c δ
0
dη
3(η′)3∂2η
]
S¯(η − η′,p) .
(3.44)
3.3 One-loop two-point function for the tensorial sector
The two-point function for the tensor perturbations is much more involved because in this
case one needs to calculate the two time integrals in equation (3.12), but it was already
obtained in [25]. For the positive Wightman function the result can be written as
G−+TTabcd (x, x
′) = −i〈in|hTTab (x)hTTcd (x′)|in〉 =
∫
G¯−+TTabcd (η, η
′,p)eip(x−x
′) d
3p
(2pi)3
, (3.45)
with
G¯−+TTabcd (η, η
′,p) = −iPabcd
[
f(η, η′,p)
(
1 + 6ακ2H2 ln
( µ¯
H
)
− (5α− 2β)κ2H2
)
+
3
2
ακ2H4g(η, η′,p)
]
+O (κ4) , (3.46)
where the polarization tensor Pabcd is given by
Pabcd = PacPbd + PadPbc − PabPcd , (3.47)
in terms of the projection tensor Pab defined in equation (3.39). The function f(η, η
′,p)
coincides with the tree-level result and reads
f(η, η′, |p|) = H
2
2|p|3 (|p|η − i)(|p|η
′ + i)e−i|p|(η−η
′) . (3.48)
On the other hand, g(η, η′,p) can be written as
g(η, η′,p) = I1(η, η′,p)−I2(η, η′,p)−I∗2 (η′, η,p)+I3(η, η′,p)−I4(η, η′,p)+I5(η, η′,p) , (3.49)
4Details on such Fourier transforms can be found in appendix D of [25].
– 16 –
where the terms Ik read
I1(η, η
′,p) = 2|p|−1ηη′e−i|p|(η−η′)
I2(η, η
′,p) = |p|−3ei|p|(η+η′) (|p|η + i) (|p|η′ + i) [Ein (−2i|p|η) + ln (2i|p|η) + γ]
+ |p|−3e−i|p|(η−η′) (|p|η − i) (|p|η′ + i) ln (−2|p|η)
I3(η, η
′,p) = |p|−3e−i|p|(η−η′) (|p|η − i) (|p|η′ + i) [ln (2i|p|(η − η′))+ γ]
I4(η, η
′,p) = |p|−3ei|p|(η−η′) (|p|η + i) (|p|η′ − i) [Ein (−2i|p|(η − η′))+ ln (2i|p|(η − η′))+ γ]
I5(η, η
′,p) = η2(η′)2S¯(η − η′,p) .
(3.50)
The kernel S¯ was defined in equation (3.43), γ is the Euler-Mascheroni constant and the
special function Ein is defined in appendix C. Note that this expression is invariant under
the simultaneous rescaling {p→ λ−1p; η, η′ → λη, λη′} except for an inverse cubic prefactor,
which is a necessary (but not sufficient) condition for de Sitter invariance. It should also be
noted that this result is valid for the choice of renormalization scale µ¯ such that aren1 (µ¯) = 0.
As explained in section 3.1, for arbitrary values of the renormalization scale µ one needs to
make the replacement α ln µ¯→ Naren1 (µ) + α lnµ.
4 Maximally symmetric bitensors
Any de Sitter-invariant two-point correlation function can be expressed in terms of maxi-
mally symmetric bitensors [36]. Here we will review the suitable formalism adapted to our
problem. Four-dimensional de Sitter spacetime may be defined as a submanifold (an hyper-
boloid) embedded in five-dimensional Minkowski spacetime whose points satisfy the equation
ηABX
A(x)XB(x) = H−2 (A,B = 0, . . . , 4) where H is a parameter with dimensions of mass,
ηAB is the Minkowski metric and X
A(x) is the position vector in Minkowski spacetime cor-
responding to the point x of de Sitter spacetime. De Sitter spacetime then inherits all the
symmetries of the embedding Minkowski spacetime which leave the de Sitter submanifold un-
changed. The basic de Sitter-invariant biscalar is defined as Z(x, x′) = H2ηABXA(x)XB(x′).
It is related to the Minkowski interval between two points XA(x) and XB(x′) of the sub-
manifold by
ηAB(X
A(x)−XA(x′))(XB(x)−XB(x′)) = 2H−2(1− Z(x, x′)) . (4.1)
Thus, since the interval between pairs of points on the submanifold can take any real value,
we also have Z(x, x′) ∈ (−∞,∞). Additionally, we see that Z(x, x′) = 1 when x′ is on the
light cone of x, Z(x, x′) > 1 when the two points are timelike separated and Z(x, x′) < 1
when they are spacelike separated. The geodesic distance µ(x, x′) along the shortest geodesic
connecting the points x and x′ is related to the biscalar Z(x, x′) by [67]
Z(x, x′) = cos
(
Hµ(x, x′)
)
. (4.2)
For points which are not connected by a geodesic [those for which Z(x, x′) < −1], µ can
still be defined by a suitable analytic continuation from (4.2). This can also be done for the
bitensors defined below and the result has a simple and appealing geometric interpretation
as shown in [31].
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There exists a complete set of de Sitter-invariant bitensors from which all maximally
symmetric bitensors can be constructed [36]. This set is given by the metric gˆab(x), the
geodesic distance µ(x, x′), the unit tangent vectors to the geodesic at the points x and x′
defined by
na(x, x
′) = ∂aµ(x, x′) , na′(x, x′) = ∂a′µ(x, x′) , (4.3)
and the propagator gˆab′(x, x
′) which parallely transports a vector wa from x′ to x along the
geodesic connecting them: wa(x) = gˆ
b′
a (x, x
′)wb′(x′). (Remember that we use a hat over
a symbol to refer to quantities which are defined in the background de Sitter space.) A
theorem by Allen and Jacobson [36] establishes that any maximally symmetric bitensor is a
linear combination of products of those basic bitensors with coefficients that only depend on
the geodesic distance µ(x, x′). By inverting equation (4.2), we can write the complete set of
bitensors described above in terms of covariant derivatives of Z(x, x′) as follows:
na = − 1
H
√
1− Z2 ∇ˆaZ , na′ = −
1
H
√
1− Z2 ∇ˆa′Z ,
H2gˆab′ = ∇ˆa∇ˆb′Z − 1
1 + Z
(∇ˆaZ)(∇ˆb′Z) .
(4.4)
In addition, as an illustration of the above theorem, we have [36] that
∇ˆanb = Z√
1− Z2H (gˆab − nanb) , (4.5)
from which we can calculate the second derivative of Z at one point as
∇ˆa∇ˆbZ = −
√
1− Z2H∇ˆanb − ZH2nanb = −ZH2gˆab . (4.6)
In many calculations it is more convenient to use the set provided by covariant derivatives of
Z, because the application of a covariant derivative directly gives another member of this set
[with the only exception shown in (4.6), which has a very simple structure]. In contrast, if
one uses the set introduced by Allen and Jacobson, one encounters more or less complicated
prefactors as in equation (4.5).
In the conformally flat coordinate system of the Poincare´ patch, we can use equa-
tion (4.1) together with the embedding map XA(x) for these coordinates,
X0 = −1 + x
2
2 η
+
η
2
,
Xi = −x
i
η
, i = 1, 2, 3
X4 =
1− x2
2 η
+
η
2
,
to obtain
Z(x, x′) = 1− (x− x
′)2
2ηη′
= 1− (x− x
′)2 − (η − η′)2
2ηη′
, (4.7)
from which we can derive
∂ηZ =
1
η′
− Z
η
, ∂η′Z =
1
η
− Z
η′
,
∂αZ = −ηαβ(x− x
′)β
ηη′
, ∂α′Z =
ηαβ(x− x′)β
ηη′
.
(4.8)
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In the next section we will also need contractions of the derivatives of Z. To shorten the
notation, from now on we will use a semicolon to denote the covariant derivative ∇ˆa with
respect to the background de Sitter metric, i.e. Z;a = ∇ˆaZ. Using equations (4.4) as well as
the normalization nan
a = 1 and na′ = −gˆa′bnb, which implies Z;a′ = −gˆa′bZ ;b, we get
Z;aZ
;a = H2(1− Z2) , Z;a′Z ;a′ = H2(1− Z2) ,
Z;ab′Z
;a = −H2ZZ;b′ , Z;ab′Z ;b′ = −H2ZZ;a ,
Z;ab′Z
;ac′ = H4δc
′
b′ −H2Z;b′Z ;c
′
, Z;ab′Z
;cb′ = H4δca −H2Z;aZ ;c .
(4.9)
Of course, this can also be directly calculated from expression (4.7) for Z in the spatially flat
coordinates.
5 Curvature tensor correlators
In this section we compute the two-point correlator for the Riemann tensor and express it in
terms of de Sitter-invariant bitensors. The linearized Riemann tensor R˜abcd of the perturbed
de Sitter spacetime can be written in terms of the metric perturbations and its derivatives
as
R˜abcd = 2H
2δa[cδ
b
d] (1 + κh00) + 2κH
2η2ηm[aηb]n∂n∂[chd]m
+ 2κH2ηδm[c δ
[b
d]η
a]n
(
2∂(mhn)0 − ∂0hmn
)
+O (κ2)
= 2H2δa[cδ
b
d] + T abcdmnhmn +O
(
κ2
)
,
(5.1)
where we have used appendices A and B for the perturbative expansion in κ in the first
equality, and we define the differential operator T in the second equality. One can explicitly
check the gauge invariance of this expression using the gauge transformation (2.3). Note that
it is only with the given index position that gauge invariance holds, because then the Lie
derivative of the unperturbed tensor (evaluated for the background metric gˆab) with respect
to an arbitrary vector field wa vanishes:
LwRˆabcd = Lw
(
2H2δa[cδ
b
d]
)
= 0 , (5.2)
and this corresponds to the diffeomorphisms generated by wa at linear order. To calculate
the Riemann tensor correlator, we apply the differential operator T defined in equation (5.1)
to each argument of the two-point function of the metric perturbations given in section 3. If
we consider only the connected correlator〈
A(x)B(x′)
〉
c
≡ 〈in|A(x)B(x′)|in〉 − 〈in|A(x)|in〉〈in|B(x′)|in〉 , (5.3)
the terms of order κ2 in the Riemann tensor, which would give a contribution when combined
with the background value of the Riemann tensor, cancel out. Consequently, to lowest order
we have 〈
R˜abcd(x)R˜
m′n′
p′q′(x
′)
〉
c
= 4κ2H4gˆakgˆblgˆm
′s′ gˆn
′t′U[kl][cd][s′t′][p′q′](x, x
′) , (5.4)
where the bitensor U is defined by its Fourier transform
U¯abcdm′n′p′q′(η, η
′,p) =
1
H8η4(η′)4
2∑
k,l=0
T (k)abcd
kl(η)T (l)∗m′n′p′q′ t
′u′(η′)
(
iG¯−+klt′u′(η, η
′,p)
)
(5.5)
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with the differential operators
T (0)abcd
kl(η) =
(
ηacηbdδ
k
0δ
l
0 + 2iηηacp(bδ
k
d)δ
l
0 + η
2papcδ
k
b δ
l
d
)
T (1)abcd
kl(η) =
(
−ηηacδkb δld + 2ηηacδ0(bδkd)δl0 − 2iη2p(aδ0c)δkb δld
)
∂η
T (2)abcd
kl(η) = −η2δ0aδ0c δkb δld ∂2η ,
(5.6)
where the superscript in parentheses indicates the number of time derivatives involved.
5.1 The Riemann correlator
After calculating the bitensor U¯ defined in equation (5.5), we have to invert the Fourier
transform and write in terms of maximally symmetric bitensors the resulting tensor structure,
which will consist of linear combinations of ηab, δ
0
a and ra = ηabr
b, where ra = (0, r) with
r = x− x′. The coefficient functions, which will be functions of η, η′ and r, also have to be
written in terms of the de Sitter-invariant biscalar Z(x, x′). All the necessary substitutions
can be deduced from expression (4.7) for Z(x, x′) and its derivatives (4.8) in our spatially
flat coordinate system. Explicitly, we have
ηab → H2η2gˆab , ra → −ηη′Z;a + δ0a
(
η − η′Z) ,
ηa′b′ → H2(η′)2gˆa′b′ , ra′ → ηη′Z;a′ − δ0a′
(
η′ − ηZ) ,
ηab′ → ηη′Z;ab′ + ηδ0b′Z;a + η′δ0aZ;b′ + δ0aδ0b′(Z − 1) .
(5.7)
Technical details for the calculation of the Fourier transforms are provided in appendix D.
It turns out that after a long calculation, computing the Fourier transforms and imple-
menting the substitutions described above, all the terms which are not de Sitter-invariant
cancel out. We are finally left with a de Sitter-invariant result which can be expressed as〈
R˜abcd(x)R˜
m′n′
p′q′(x
′)
〉
c
=
4κ2H6
pi2
9∑
k=1
(k)R[ab][cd][m
′n′]
[p′q′](Z(x, x
′)) d-lim
→0+
[
3
2
ακ2H2R(1,k)(Z(x, x′)− i±)
+
(
1 + 6ακ2H2
(
ln
( µ¯
H
)
+ γ
)
− (5α− 2β)κ2H2
)
R(0,k)(Z(x, x′)− i±)
]
.
(5.8)
Here ± = + whenever x lies within the future light cone of x′, while ± = − when x lies
within the past light cone of x′. If both points are spacelike separated, Z(x, x′) < 1 and the
sign of  is irrelevant. The limit → 0+ is to be taken in the sense of distributions, i.e., after
smearing with a test function, which we indicate with the notation “d-lim”. Furthermore,
(k)R are a set of nine 8-index bitensors constructed from the metric and covariant derivatives
of Z, which have the appropriate symmetries [when antisymmetrized in each pair of indices
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as indicated in equation (5.8)]:
(1)Rabcdm′n′p′q′(Z) = gˆac gˆbd gˆm′p′ gˆn′q′
(2)Rabcdm′n′p′q′(Z) = H−2gˆac gˆm′p′
(
gˆbd Z;n′Z;q′ + Z;bZ;d gˆn′q′
)
(3)Rabcdm′n′p′q′(Z) = H−4gˆac gˆm′p′Z;bZ;dZ;n′Z;q′
(4)Rabcdm′n′p′q′(Z) = 4H−4gˆac gˆm′p′Z;(bZ;d)(n′Z;q′)
(5)Rabcdm′n′p′q′(Z) = 2H−4gˆac gˆm′p′Z;b(n′Z;q′)d
(6)Rabcdm′n′p′q′(Z) = 2H−6
(
gˆac Z;m′Z;p′ + Z;aZ;c gˆm′p′
)
Z;b(n′Z;q′)d
(7)Rabcdm′n′p′q′(Z) = 2H−8Z;aZ;cZ;m′Z;p′ Z;b(n′Z;q′)d
(8)Rabcdm′n′p′q′(Z) = 8H−8Z;(aZ;c)(m′Z;p′) Z;b(n′Z;q′)d
(9)Rabcdm′n′p′q′(Z) = 4H−8Z;a(m′Z;p′)c Z;b(n′Z;q′)d .
(5.9)
The coefficients R(0,k)(Z) and R(1,k)(Z) are functions of Z and are, therefore, manifestly de
Sitter-invariant biscalars. Since they are rather long, we give their explicit expressions in
appendix E. An important feature of those coefficients is that they are well-defined distribu-
tions. Regarded as functions, they are only singular as Z → 1, i.e., when x and x′ are null
separated, which is also the case for the two-point function of the matter field φ.
We should emphasize that this is a rather remarkable and nontrivial result. De Sitter
invariance has not been assumed but derived from the the two-point metric correlations
computed in the Poincare´ patch, which are not only gauge-dependent but also not manifestly
de Sitter invariant. The only de Sitter-invariant input is the selection of a de Sitter-invariant
initial vacuum. This result should also be seen as a nontrivial check of the contributions to
the two-point correlation functions of the metric perturbations, given by (3.42), (3.44) and,
more importantly, (3.46).
As explained in section 4, we may as well use the complete set of basis bitensors which
involve na, na′ and gˆab′ (we do not write explicitly the dependence of those de Sitter-invariant
bitensors on x and x′). In this basis the Riemann correlator reads〈
R˜abcd(x)R˜
m′n′
p′q′(x
′)
〉
c
=
4κ2H6
pi2
9∑
k=1
(k)N [ab][cd][m
′n′]
[p′q′] d-lim
→0+
[
3
2
ακ2H2S(1,k)(Z(x, x′)− i±)
+
(
1 + 6ακ2H2
(
ln
( µ¯
H
)
+ γ
)
− (5α− 2β)κ2H2
)
S(0,k)(Z(x, x′)− i±)
]
,
(5.10)
where (k)N are a set of nine 8-index de Sitter-invariant bitensors constructed with the basis of
bitensors introduced by Allen and Jacobson, and which have also the appropriate symmetries
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(when antisymmetrized in each pair of indices):
(1)Nabcdm′n′p′q′ = gˆac gˆbd gˆm′p′ gˆn′q′
(2)Nabcdm′n′p′q′ = gˆac gˆm′p′
(
gˆbd nn′nq′ + nbnd gˆn′q′
)
(3)Nabcdm′n′p′q′ = gˆac gˆm′p′ nbndnn′nq′
(4)Nabcdm′n′p′q′ = 4gˆac gˆm′p′ n(bgˆd)(n′nq′)
(5)Nabcdm′n′p′q′ = 2gˆac gˆm′p′ gˆb(n′ gˆq′)d
(6)Nabcdm′n′p′q′ = 2
(
gˆac nm′np′ + nanc gˆm′p′
)
gˆb(n′ gˆq′)d
(7)Nabcdm′n′p′q′ = 2nancnm′np′ gˆb(n′ gˆq′)d
(8)Nabcdm′n′p′q′ = 8n(agˆc)(m′np′) gˆb(n′ gˆq′)d
(9)Nabcdm′n′p′q′ = 4gˆa(m′ gˆp′)c gˆb(n′ gˆq′)d .
(5.11)
The explicit expressions for the coefficients S(0,k)(Z) and S(1,k)(Z) are given in appendix E.
Our result for the two-point function of the Riemann tensor (5.8) or (5.10) is manifestly
de Sitter invariant and, in addition to the index symmetries mentioned above, they obey
both the first and second Bianchi identities as expected5. In order to analyze its structure,
it is better to decompose the Riemann correlator in terms of its Weyl and Ricci parts:〈
R˜abcd(x)R˜
m′n′
p′q′(x
′)
〉
c
=
〈
C˜abcd(x)C˜
m′n′
p′q′(x
′)
〉
c
+ 4δ
[a
[c
〈
R˜b]d](x)R˜
[m′
[p′(x
′)
〉
c
δ
n′]
q′]
+ 2δ
[a
[c
〈
R˜b]d](x)C˜
m′n′
p′q′(x
′)
〉
c
+ 2
〈
C˜abcd(x)R˜
[m′
[p′(x
′)
〉
c
δ
n′]
q′] ,
(5.12)
where the correlation functions on the right-hand side are obtained from the Riemann corre-
lator by contracting indices (for the Ricci tensor) and by subtracting traces from the Riemann
correlator (for the Weyl tensor). In the next two subsections, we discuss in more detail the
main properties of these correlators. From the previous decomposition it also follows that
the scalar correlators defined as〈
R˜ie2(x, x′)
〉
c
≡ gˆam′ gˆbn′ gˆcp′ gˆdq′
〈
R˜abcd(x)R˜
m′n′
p′q′(x
′)
〉
c
,〈
W˜eyl2(x, x′)
〉
c
≡ gˆam′ gˆbn′ gˆcp′ gˆdq′
〈
C˜abcd(x)C˜
m′n′
p′q′(x
′)
〉
c
,〈
R˜ic2(x, x′)
〉
c
≡ gˆbn′ gˆdq′
〈
R˜bd(x)R˜
n′
q′(x
′)
〉
c
,
(5.13)
are related by the following identity:〈
R˜ie2(x, x′)
〉
c
=
〈
W˜eyl2(x, x′)
〉
c
+ 2
〈
R˜ic2(x, x′)
〉
c
. (5.14)
Hereafter the dependence of Z on x and x′ should always be implicitly understood.
Note that even though the correlation functions of the metric perturbations were calcu-
lated in the Poincare´ patch (this was essential in order to select a de Sitter-invariant vacuum
for the interacting theory), when written in one of the de Sitter-invariant bases, the results
for the Riemann correlator can be extended to the full de Sitter spacetime.
5Note that for the Bianchi identities to be satisfied, including the (distributional) kernel S¯ in the two-point
function of the tensorial metric perturbations (3.46) is essential.
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5.2 The Weyl correlator
The Weyl tensor in four dimensions can be calculated by subtracting traces from the Riemann
tensor as follows:
Cabcd =
(
δakδ
b
l δ
s
cδ
t
d + 2δ
s
kδ
[a
l δ
b]
[cδ
t
d] +
1
3
δ
[a
[c δ
b]
d]δ
s
kδ
t
l
)
Rklst . (5.15)
We can then calculate its correlator very easily from the Riemann correlator (5.8). However,
because of the tracelessness of the Weyl tensor, the corresponding coefficients for the bitensor
set (5.9) are not independent since those basic bitensors are not traceless. In fact, there are
only three combinations of invariant bitensors which have vanishing trace on any contraction.
These are
(1)C[ab][cd][m′n′][p′q′](Z) =
[
−2Z(1)R− 3(4)R+ 6Z(5)R+ 2(8)R− 2Z(9)R
]
[ab][cd][m′n′][p′q′]
(Z) ,
(2)C[ab][cd][m′n′][p′q′](Z) =
[
− (5− Z2)(1)R+ 6(2)R+ 12(5)R− 6(6)R− 6(7)R
+ 2Z(8)R− (3 + Z2)(9)R
]
[ab][cd][m′n′][p′q′]
(Z) ,
(3)C[ab][cd][m′n′][p′q′](Z) =
[
(1− Z2)
[
(1)R− 3(5)R+ (9)R
]
− 6(3)R+ 6(7)R
]
[ab][cd][m′n′][p′q′]
(Z) .
(5.16)
We, therefore, obtain the following result for the correlator of the Weyl tensor for perturba-
tions around de Sitter spacetime including radiative corrections from conformal matter fields
up to order κ4 (one-loop order for free matter fields):〈
C˜abcd(x)C˜
m′n′
p′q′(x
′)
〉
c
=
4κ2H6
pi2
3∑
k=1
(k)C[ab][cd][m
′n′]
[p′q′](Z) d-lim
→0+
[
α
4
κ2H2C(1,k)(Z − i±)
+
(
1 + 6ακ2H2
(
ln
( µ¯
H
)
+ γ
)
− (5α− 2β)κ2H2
)
C(0,k)(Z − i±)
]
,
(5.17)
where the coefficients C(0,k)(Z) and C(1,k)(Z) are given explicitly by
C(0,1)(Z) = 1
4
(2− Z)(1− Z)−4
C(0,2)(Z) = 1
8
(1− Z)−4
C(0,3)(Z) = 1
4
(3− Z)(1− Z)−5
C(1,1)(Z) = 12(1 + 4Z2 − Z4)(1 + Z)−4(1− Z)−4 ln
[
1
2
(1− Z)
]
+ (21 + 28Z + 52Z2 − 28Z3 − 25Z4)(1 + Z)−3(1− Z)−5
C(1,2)(Z) = 12Z(1 + Z2)(1 + Z)−4(1− Z)−4 ln
[
1
2
(1− Z)
]
+ (8 + 35Z + 28Z2 + 25Z3)(1 + Z)−3(1− Z)−5
C(1,3)(Z) = 12Z(7 + 10Z2 − Z4)(1 + Z)−5(1− Z)−5 ln
[
1
2
(1− Z)
]
+ (30 + 177Z + 142Z2 + 184Z3 − 28Z4 − 25Z5)(1 + Z)−4(1− Z)−6 .
(5.18)
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Even though it seems that those coefficient functions are singular as Z → −1 (which
corresponds to antipodal points), this is only apparent. Expanding the logarithm around
Z = −1 as
ln
[
1
2
(1− Z)
]
= −
∞∑
k=1
(1 + Z)k
2k k
, (5.19)
we get
C(1,1)(Z) = 11
128
+O (Z + 1) , C(1,2)(Z) = 23
768
+O (Z + 1) , C(1,3)(Z) = 19
240
+O (Z + 1) ,
(5.20)
which are perfectly regular at Z = 1. This means that the Weyl tensor correlator is only
singular when the two points x and x′ in the arguments of the correlator are connected by a
null geodesic, with Z(x, x′) = 1.
Of course, we can also express the basic bitensor set (5.16) for the two-point Weyl
correlation function in terms of the complete set na, na′ and gˆab′ using equation (4.4). One
can then easily obtain
(1)Cabcdm′n′p′q′(Z) = −2Z (1)Dabcdm′n′p′q′ + (1− Z)2 (2)Dabcdm′n′p′q′ ,
(2)Cabcdm′n′p′q′(Z) = −(3 + Z2) (1)Dabcdm′n′p′q′ − (3− Z)(1− Z) (2)Dabcdm′n′p′q′
+ (1− Z2) (3)Dabcdm′n′p′q′ ,
(3)Cabcdm′n′p′q′(Z) = (1− Z2) (1)Dabcdm′n′p′q′ + (1− Z)2(1 + Z) (2)Dabcdm′n′p′q′ ,
(5.21)
where the (traceless) tensors (k)D are defined as
(1)Dabcdm′n′p′q′ =
[
(1)N − 3(5)N + (9)N
]
abcdm′n′p′q′
(2)Dabcdm′n′p′q′ =
[
−12(3)N − 3(4)N + 12(7)N + 2(8)N
]
abcdm′n′p′q′
(3)Dabcdm′n′p′q′ =
[
−2(1)N + 6(2)N − 12(3)N + 3(4)N + 3(5)N − 6(6)N + 12(7)N
]
abcdm′n′p′q′
,
(5.22)
with the basic bitensor set (k)N introduced in equation (5.11). The two-point Weyl correla-
tion function (5.17) then reads
〈
C˜abcd(x)C˜
m′n′
p′q′(x
′)
〉
c
=
4κ2H6
pi2
3∑
k=1
(k)D[ab][cd][m
′n′]
[p′q′] d-lim
→0+
[
α
4
κ2H2D(1,k)(Z − i±)
+
(
1 + 6ακ2H2
(
ln
( µ¯
H
)
+ γ
)
− (5α− 2β)κ2H2
)
D(0,k)(Z − i±)
]
,
(5.23)
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where the coefficient functions D(0,k) and D(1,k) are given by
D(0,1)(Z) = 1
8
(3− Z)(1− Z)−3
D(0,2)(Z) = 1
8
(7− Z)(1− Z)−3
D(0,3)(Z) = 1
8
(1 + Z)(1− Z)−3
D(1,1)(Z) = 24Z(1 + Z)−3(1− Z)−3 ln
[
1
2
(1− Z)
]
+ 6(1 + 5Z)(1 + Z)−2(1− Z)−4
D(1,2)(Z) = 12(1 + 2Z + 3Z2)(1 + Z)−3(1− Z)−3 ln
[
1
2
(1− Z)
]
+ 3(9 + 20Z + 19Z2)(1 + Z)−2(1− Z)−4
D(1,3)(Z) = 12Z(1 + Z2)(1 + Z)−3(1− Z)−3 ln
[
1
2
(1− Z)
]
+ (8 + 35Z + 28Z2 + 25Z3)(1 + Z)−2(1− Z)−4 .
(5.24)
The contracted Weyl correlator defined in equation (5.13) reduces in turn to〈
W˜eyl2(x, x′)
〉
c
= −180ακ
4H8
pi2
(1 + Z)−3 ln
[
1
2
(1− Z + i±)
]
− 15ακ
4H8
pi2
(7− 35Z + 29Z2 − 25Z3)(1 + Z)−2(1− Z + i±)−4 .
(5.25)
Again, the singularity for Z → −1 is only apparent, as can be seen by expanding the logarithm
around Z = −1 using equation (5.19).
For a general metric gab the second Bianchi identity for the Riemann tensor (which also
applies to its correlator) gives
∇aCabcd = ∇[c
[
Rd]b −
1
6
gd]bR
]
. (5.26)
For the background de Sitter space Rˆab = Λgˆab and Cˆabcd = 0, so that both sides of equa-
tion (5.26) vanish in that case and the equation is trivially satisfied. Furthermore, without
matter contributions ∇ˆaC˜abcd = 0 and the Weyl correlator at tree level (α = β = 0) must,
therefore, fulfill this transversality condition as well. Setting α = β = 0 in the explicit ex-
pression (5.17) [or (5.23)], one can check that this is indeed the case. On the other hand,
when the matter contributions are included, the Bianchi identity (5.26) relates the Weyl and
Ricci-Weyl correlators at order κ4:
∇ˆa
〈
C˜abcd(x)C˜
m′n′
p′q′(x
′)
〉
c
=
(
−δbsδt[c +
1
6
δtsδ
b
[c
)
∇ˆd]
〈
R˜st(x)C˜
m′n′
p′q′(x
′)
〉
c
. (5.27)
which we have explicitly checked to be the case for our result.
We now proceed to analyze the behavior of the Weyl correlator (5.23) in various inter-
esting limits. First, for Z → −1 we have already seen its regular behavior in (5.20). From
equation (5.24) we see that in the light-cone limit Z → 1, the components of the two-point
Weyl correlator diverge like
∼ κ2H6(1−Z + i±)−3 + κ4H8(1−Z + i±)−4 + κ4H8(1−Z + i±)−3 ln
[
1
2
(1− Z + i±)
]
.
(5.28)
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The quantum corrections due to the interaction with matter fields are, therefore, more singu-
lar near the light cone than the tree-level result, which corresponds to the first term in (5.28).
Note that throughout the rest of this section whenever writing the dominant terms for the
large or the short-distance limits, indicated with the symbol ∼, we will leave out the dimen-
sionless coefficients independent of any dimensionful parameters.
In order to analyze the behavior for large spacelike separations, it is convenient to set
the times η and η′ of the two points x and x′ equal by means of a de Sitter isometry, which
is always possible for spacelike separated points. The physical distance d(x, x′) between
those points on the spatial section is then given by d2 = a2(η)(x − x′)2. From the explicit
expression of Z given in (4.7), this distance can be written as d2 = 2H−2(1 − Z), which is
equal to the squared Minkowski distance between those points in the embedding space, as
seen from equation (4.1). Hence, the limit (x − x′)2 → ∞ for large spacelike separations
(i.e., superhorizon scales with d  H−1) corresponds to Z → −∞, and we see that the
components which decay more slowly go like
∼ κ2H6|Z|−2 + κ2H6|Z|−3 + κ4H8|Z|−2 + κ4H8|Z|−3 ln |Z|+ . . . , (5.29)
which in terms of the proper physical distance d reads
∼ κ2H2d−4 + κ2d−6 + κ4H4d−4 + κ4H2d−6 ln(Hd) + . . . . (5.30)
(Remember that κ =
√
16piGN =
√
16pi lP, where lP is the Planck length.) It is worth pointing
out that the second and last terms in (5.30) can be combined in a way which suggests the
following relationship to a power law with a perturbative correction to the exponent:
κ2d−6+κ
2H2 ∼ κ2d−6
[
1 + κ2H2 ln(Hd) +O (κ2H2 ln2(Hd)) ] . (5.31)
This shows that even for κ2H2  1 the perturbative expansion can break down for suffi-
ciently large separations. Thus, in general one needs a nonperturbative calculation in κ2H2
which resums the logarithms to capture correctly the behavior for large separations (and the
corrections to it). The situation is analogous to the existence of secular terms in certain
perturbative calculations when considering the evolution for a sufficiently long time [17].
For the short-distance limit when the two points are spacelike separated, i.e., at sub-
horizon scales d H−1, one should recover the flat-space result. Indeed, using the previous
expression connecting d and Z for points at equal times, one can see that d → 0 implies
Z → 1, and that the logarithmic terms in (5.24) are subdominant in this limit:
κ4H8(1− Z)−3 ln
[
1
2
(1− Z)
]
∼ κ4H2d−6 ln
(
1
2
H2d2
)
 κ4d−8 ∼ κ4H8(1− Z)−4 . (5.32)
The dominant terms do not contain H, as one would expect, and we obtain
∼ κ2d−6 + κ4d−8 + . . . . (5.33)
Instead, although the logarithmic term in (5.28) contributes to the divergent behavior in the
limit Z → 1, it does not contribute to the flat-space limit because it contains extra positive
powers of H after writing the result in terms of the distance d. (Further details on the flat-
space limit and the full expressions of the curvature tensor correlators in Minkowski space are
provided in subsection 5.5.) Furthermore, we see that at large distances (superhorizon scales)
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the Weyl correlator in de Sitter falls off, as given by (5.30), more slowly than in flat space,
characterized by (5.33). This was also found for the stress tensor correlator for minimally
coupled scalar fields (both massless and massive) [31].
For large timelike separations, we can achieve x = x′ through a de Sitter isometry. The
expression of Z in spatially flat coordinates (4.7) then shows that |η − η′| → ∞ corresponds
to Z →∞, and we get the result (5.29). The proper time elapsed along a geodesic connecting
the two points is given by τ2 = −µ2(x, x′), where the relation between the geodesic distance µ
and the biscalar Z is given by equation (4.2). In the limit Z →∞ it follows that τ = H−1 lnZ,
and therefore the components of the two-point Weyl correlation function which fall off more
slowly go like
∼ κ2H6e−2Hτ + κ4H8e−2Hτ + κ4H9τe−3Hτ + . . . , (5.34)
i.e., they fall off exponentially with the proper-time separation.
5.3 The Ricci and Ricci-Weyl correlators
The correlator of the linearized Ricci tensor as well as the Ricci-Weyl correlator can also be
easily obtained from the Riemann correlator. Suitably contracting indices, we get for the
two-point Ricci correlator〈
R˜bd(x)R˜
n′
q′(x
′)
〉
c
=
15ακ4H4
4pi2
[
−H4δbdδn
′
q′ (1− Z)2 + 4Z ;bZ;dZ ;n
′
Z;q′
+ 2
(
Z ;bZ ;n
′
;d Z;q′ + Z;dZ
;bn′Z;q′ + Z
;bZ;dq′Z
;n′ + Z;dZ
;b
;q′Z
;n′
)
(1− Z)
+ 2
(
Z ;bn
′
Z;dq′ + Z
;b
;q′Z
;n′
;d
)
(1− Z)2
]
d-lim
→0+
(1− Z + i±)−6 .
(5.35)
On the other hand, using equation (5.15), for the Ricci-Weyl correlator we obtain〈
R˜bd(x)C˜
m′n′
p′q′(x
′)
〉
c
=
3ακ4H4
pi2
[
2H4δbdδ
[m′
[p′ δ
n′]
q′] (1− Z2)− 2H2Z ;bZ;dδ
[m′
[p′ δ
n′]
q′]
− 6H2
(
δbd −H−2Z ;bZ;d
)
δ
[m′
[p′ Z
;n′]Z;q′] − 3δ[m
′
[p′
(
Z ;b;q′]Z
;n′]
;d + Z
;n′]bZ;q′]d
)
(1− Z2)
− 3δ[m′[p′
(
Z;q′]Z
;n′]bZ;d + Z
;n′]Z ;b;q′]Z;d + Z;q′]Z
;n′]
;d Z
;b + Z ;n
′]Z;q′]dZ
;b
)
Z
+ 6H−2Z ;[m
′
Z;[p′
(
Z ;b;q′]Z
;n′]
;d + Z
;n′]bZ;q′]d
)]
d-lim
→0+
(1− Z + i±)−5 .
(5.36)
Given that Z(x, x′) = Z(x′, x), the manifestly de Sitter-invariant results (5.8) and (5.10) for
the Riemann correlator remain invariant if one swaps the two Riemann tensor operators.
(In doing so, ± will change sign, which is relevant when x and x′ are timelike separated,
but not for spacelike separations: in that case both operators commute, in agreement with
the microcausality principle.) This implies that the result for the Weyl-Ricci correlator〈
C˜mnpq(x)R˜
b′
d′(x
′)
〉
c
can be simply obtained from the right-hand side of (5.36) by replacing
primed indices with unprimed ones and vice versa.
It should be emphasized that there are no tree-level contributions to connected correla-
tors involving the Ricci tensor. This can be understood by considering the Einstein equation
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for the Ricci operator regarded as a Heisenberg equation of motion. The cosmological con-
stant source term is proportional to δab and its effect was entirely included in the background
Ricci tensor, which was also the case for the expectation value of the stress tensor operator
evaluated on the background metric. Hence, they do not contribute to the connected correla-
tor, which only gets contributions starting at order κ2 and involving stress tensor terms that
give rise to matter loops when combined with similar terms from the other Ricci or Weyl
operator (the terms that contribute at tree level to the Weyl-Weyl correlator cannot combine
to form connected Feynman diagrams in this case). The first nonvanishing contributions to
connected correlators involving at least one Ricci tensor are, therefore, of order κ4 and one
loop in the matter fields.
Note also that further contractions vanish, i.e., the two-point function of the Ricci scalar
with any other curvature tensor is zero. This is a peculiarity of the conformal case which
reflects the fact that the trace of the stress tensor (entirely due to the trace anomaly) does
not fluctuate, and had already been found in Minkowski spacetime[68]. For the contracted
Ricci correlator defined in equation (5.13) we obtain〈
R˜ic2(x, x′)
〉
c
=
45ακ4H8
pi2
d-lim
→0+
(1− Z + i±)−4 . (5.37)
In the bitensor basis furnished by the normal vectors na and na′ and the parallel prop-
agator gˆab′ , the above correlators (5.35) and (5.36) read〈
R˜bd(x)R˜
n′
q′(x
′)
〉
c
=
15ακ4H8
4pi2
[
− δbdδn
′
q′ + 16n
bndn
n′nq′ + 2
(
gˆbn
′
gˆdq′ + gˆ
b
q′ gˆ
n′
d
)
+ 4
(
nbgˆn
′
d nq′ + ndgˆ
bn′nq′ + n
bgˆdq′n
n′ + ndgˆ
b
q′n
n′
)]
×
× d-lim
→0+
(1− Z + i±)−4
(5.38)
and〈
R˜bd(x)C˜
m′n′
p′q′(x
′)
〉
c
=
3ακ4H8
pi2
[
2
(
δbd − nbnd
)
δ
[m′
[p′ δ
n′]
q′] − 6δbdδ
[m′
[p′ n
n′]nq′]
− 6δ[m′[p′
(
nq′]gˆ
n′]bnd + n
n′]gˆbq′]nd + nq′]gˆ
n′]
d n
b + nn
′]gˆq′]dn
b
)
Z
− 3
(
δ
[m′
[p′ − 2n[m
′
n[p′
)(
gˆbq′]gˆ
n′]
d + gˆ
n′]bgˆq′]d
)]
×
× (1 + Z) d-lim
→0+
(1− Z + i±)−4 ,
(5.39)
respectively. Both correlators are only singular as Z → 1, where the most singular term goes
like
∼ κ4H8(1− Z + i±)−4 . (5.40)
For large time- and space-like separations, the components which fall off more slowly go like
∼ κ4H8Z−4 (5.41)
for the two-point Ricci correlator and like
∼ κ4H8Z−2 (5.42)
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for the Ricci-Weyl correlator. Similarly to the Weyl correlator case and taking into account
that for large spacelike separations |Z| ∼ H2d2, one can express this in terms of the proper
physical distance d, while for large timelike separations the relation Z ∼ exp(Hτ) allows to
express the result in terms of the proper time τ along a geodesic connecting x and x′.
5.4 Result for general CFTs
In this subsection we explain how the results for the Riemann correlator (and the related
results for Weyl and Ricci correlators) obtained above for free scalar fields can be extended
to general CFTs. In order to do so, we need to go back to equations (3.17)-(3.19) before
particularizing the values of the constants b and b′ to the case of free scalar fields. We are
then in a position to start analyzing how the different coefficients in expression (5.8) will
change in the general case.
We begin with some remarks about the different contributions to the Riemann correlator
which will be useful for our reasoning below. The sum of terms involving the biscalars R(0,k)
in equation (5.8) corresponds to the tree-level result (of order κ2) except for the global
coefficient, which includes corrections of order κ4. Furthermore, since the terms proportional
to the parameter b′ in the effective action Seff are either quadratic in h+ab or quadratic in h
−
ab,
they do not contribute to the component V−+ of the matrix VAB defined in equation (3.13).
From equation (3.41) one can then conclude that there are no contributions from scalar
and vectorial metric perturbations to the Riemann correlator which are proportional to b′.
(Exactly the same argument applies to the terms proportional to ln µ¯.)
Proceeding in the same way employed to derive equation (3.25) for the tensorial per-
turbations, one obtains the following result for arbitrary values of b and b′:
SG,TT2 [hmn] = −
1
2
(2b+ b′ − β)H2
∫
a2(∂shmn)(∂
shmn) d4x− bH2
∫
a2h′mnh
′mn d4x
+
b
2
∫
(hmn)(hmn) ln ad4x .
(5.43)
When deriving this result, the terms proportional to b′ give rise to a shift of the cosmological
constant term (at all orders in hab) which is included in the corrected cosmological constant
Λeff used to determine the background de Sitter metric as mentioned in footnote 3 and de-
scribed in [25]. On the other hand, the first integral on the right-hand side of equation (5.43)
coincides with that in STT0 and it will give a contribution to the Riemann correlator of the
same form as the tree-level result. Hence, comparing with equation (3.25), one can see that
the factor (5α− 2β) in equation (5.8) should be replaced with (4b+ 2b′ − 2β). Since b′ does
not appear anywhere else and does not contribute to the scalar and vectorial correlators, one
can use the substitution 3α/2 = b for all the remaining instances of α, which also include
the contributions from the nonlocal term SK2 [h
±], and the Riemann correlator for the general
case becomes〈
R˜abcd(x)R˜
m′n′
p′q′(x
′)
〉
c
=
4κ2H6
pi2
9∑
k=1
(k)R[ab][cd][m
′n′]
[p′q′](Z(x, x
′)) d-lim
→0+
[
bκ2H2R(1,k)(Z(x, x′)− i±)
+
(
1 + 4bκ2H2
(
ln
( µ¯
H
)
+ γ
)
− 2 (2b+ b′ − β)κ2H2)R(0,k)(Z(x, x′)− i±)] ,
(5.44)
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where the various objects are defined after equation (5.8) and for arbitrary values of the
renormalization scale µ one needs to make the replacement b ln µ¯ → (3/2)Naren1 (µ) + b lnµ,
as explained in section 3.1.
Using the same kind of substitutions, one gets analogous results for equation (5.10)
and for expressions (5.17) and (5.23) for the Weyl correlator. Moreover, since the Ricci and
Ricci-Weyl correlators, obtained by suitable contractions of the Riemann correlator, vanish
for the tree-level result, they are entirely determined by the terms involving the biscalars
R(1,k). Therefore, one simply needs to make the replacement 3α/2 = b in the results for the
Ricci and Ricci-Weyl correlators of section 5.3.
5.5 The flat-space limit
For points separated by distances much smaller than the Hubble length H−1 one expects that
the two-point correlation function of the Riemann tensor should reproduce the Minkowski
results. Thus, taking the curvature radius of de Sitter space H−1 to infinity, i.e., the Hubble
constant H to zero, we can obtain the two-point correlation functions of the curvature tensors
in a Minkowski background. In the Poincare´ patch of de Sitter spacetime, this can be done
by choosing the spatially flat coordinate system
ds2 = −dt2 + e2Ht dx2 , (5.45)
expressing everything in terms of those coordinates and taking H → 0 so that the metric goes
over to the Minkowski metric. However, the flat space limit can also be obtained easily in a
way independent of the choice of a particular coordinate system by noting that the geodesic
distance µ(x, x′) between two points x and x′ in the Minkowski spacetime is simply given by
µ(x, x′) =
√
(x− x′)2. For the invariant biscalar Z given in equation (4.2) we then calculate
Z(x, x′) = 1− 1
2
H2(x− x′)2 +O (H3) . (5.46)
For the covariant derivatives of Z we have
∇aZ → −H2ηab(x− x′)b +O
(
H3
)
, ∇a∇b′Z → H2ηab′ +O
(
H3
)
, (5.47)
and for the bitensor set of Allen and Jacobson we obtain from equation (4.4)
na → ηab(x− x
′)b√
(x− x′)2 +O (H) , gˆab
′ → ηab′ +O (H) . (5.48)
Thus, the Weyl correlator (5.17) is in the flat-space limit given by〈
C˜abcd(x)C˜
m′n′
p′q′(x
′)
〉
c
=
8κ2
pi2
[
(1)W + 3(2)W + (3)W
]
[ab]
[cd]
[m′n′]
[p′q′]×
× d-lim
→0+
((x− x′)2 + i±)−3
+
48ακ4
pi2
[
3(1)W + 12(2)W + 8(3)W
]
[ab]
[cd]
[m′n′]
[p′q′]×
× d-lim
→0+
((x− x′)2 + i±)−4 ,
(5.49)
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where the flat-space basis bitensors read
(1)Wabcdm′n′p′q′ = ηacηbdηm′p′ηn′q′ − 6ηacηm′p′ηb(n′ηq′)d + 4ηa(m′ηp′)cηb(n′ηq′)d
(2)Wabcdm′n′p′q′ = −12ηacηm′p′ybydyn′yq′ − 12ηacηm′p′y(bηd)(n′yq′)
+ 24yaycym′yp′ηb(n′ηq′)d + 16y(aηc)(m′yp′)ηb(n′ηq′)d
(3)Wabcdm′n′p′q′ = −2ηacηbdηm′p′ηn′q′ + 6ηacηm′p′
(
ηbdyn′yq′ + ybydηn′q′
)
− 12ηacηm′p′ybydyn′yq′ + 12ηacηm′p′y(bηd)(n′yq′) + 6ηacηm′p′ηb(n′ηq′)d
− 12 (ηacym′yp′ + yaycηm′p′) ηb(n′ηq′)d + 24yaycym′yp′ηb(n′ηq′)d .
(5.50)
with unit vectors ya defined as ya = ηab(x−x′)b((x−x′)2)−1/2. Note that the coefficient β as
well as the renormalization scale µ do not appear, i.e., the flat-space limit (for conformally
coupled scalar fields) is insensitive to the contributions from counterterms quadratic in the
curvature tensors. To compare with the de Sitter results, note that for points x and x′ at
equal time x0 = (x′)0, the physical distance is d2 = (x− x′)2 = (x− x′)2, and the two-point
Weyl correlation function falls off like
∼ κ2d−6 + κ4d−8 , (5.51)
which agrees with the short-distance limit for spacelike separations given by (5.33).
For the Ricci correlator (5.35) we obtain〈
R˜bd(x)R˜
n′
q′(x
′)
〉
c
=
60ακ4
pi2
[
− δbdδn
′
q′ + 16y
bydy
n′yq′ + 2
(
ηbn
′
ηdq′ + η
b
q′η
n′
d
)
+ 4
(
ybηn
′
d yq′ + ydη
bn′yq′ + y
bηdq′y
n′ + ydη
b
q′y
n′
)]
×
× d-lim
→0+
((x− x′)2 + i±)−4 ,
(5.52)
which is of order κ4 and falls off like κ4d−8. Similarly, the Ricci-Weyl correlation func-
tion (5.36) reads in the flat-space limit〈
R˜bd(x)C˜
m′n′
p′q′(x
′)
〉
c
=
96ακ4
pi2
[
2
(
δbd − ybyd
)
δ
[m′
[p′ δ
n′]
q′] − 6δbdδ
[m′
[p′ y
n′]yq′]
− 6δ[m′[p′
(
yq′]η
n′]byd + y
n′]ηbq′]yd + yq′]η
n′]
d y
b + yn
′]ηq′]dy
b
)
− 3
(
δ
[m′
[p′ − 2y[m
′
y[p′
)(
ηbq′]η
n′]
d + η
n′]bηq′]d
)]
×
× d-lim
→0+
((x− x′)2 + i±)−4 .
(5.53)
which is also of order κ4 and falls off like κ4d−8.
As before, the Riemann correlator can be calculated from the decomposition (5.12). This
result is manifestly Lorentz invariant and given in spacetime coordinates. To our knowledge,
it has not appeared in the literature before, although the two-point correlator for the metric
perturbations has been calculated in [68] in Fourier space. Finally, the results for a general
CFT can be easily obtained with the substitution 3α/2 = b in all the results of this subsection,
as discussed in section 5.4.
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6 Comparison with previous results
Our result on the full Riemann correlator at order κ4 (one-loop order for free matter fields)
encompasses some previously calculated partial results. In particular, the Weyl correlator at
tree level was calculated by Kouris in [37], and the stress tensor correlator, which is related
through the Einstein equation to the Ricci correlator, was obtained by Osborn and Shore in
[35]. These are non-trivial checks of our results.
After correcting Kouris’s result by means of suitable symmetrization, we find agreement
up to a global factor of 2, while we agree completely with Osborn and Shore.
6.1 Weyl-Weyl correlator at tree level
In his calculation of the Weyl correlator at tree level Kouris started with a de Sitter-invariant
two-point function for the metric perturbations in closed coordinates [69]. His final result is
given by 〈
C˜abcd(x)C˜m′n′p′q′(x
′)
〉
c
=
7∑
k=1
D(k)(z(x, x′))S(k)[ab][cd][m′n′][p′q′] , (6.1)
where
D(1) =
4GNH
6
pi
12
(z − 1)3 = −
κ2H6
4pi2
96
(1− Z)3
D(2) =
4GNH
6
pi
(
18
(z − 1)3 −
6
(z − 1)2
)
= − κ
2H6
4pi2
(
144
(1− Z)3 +
24
(1− Z)2
)
D(3) =
4GNH
6
pi
(
− 6
(z − 1)3 +
6
(z − 1)2
)
=
κ2H6
4pi2
(
48
(1− Z)3 +
24
(1− Z)2
)
D(4) =
4GNH
6
pi
(
3
(z − 1)3 +
3
(z − 1)3
)
=
κ2H6
4pi2
(
− 24
(1− Z)3 +
12
(1− Z)2
)
D(5) =
4GNH
6
pi
(
− 3
2(z − 1)3 +
3
2(z − 1)2
)
=
κ2H6
4pi2
(
12
(1− Z)3 +
6
(1− Z)2
)
D(6) =
4GNH
6
pi
3
(z − 1)2 =
κ2H6
4pi2
12
(1− Z)2
D(7) =
4GNH
6
pi
(
1
4(z − 1)3 +
3
4(z − 1)2
)
=
κ2H6
4pi2
(
− 2
(1− Z)3 +
3
(1− Z)2
)
(6.2)
and
S
(1)
abcdm′n′p′q′ = nancnm′np′
(
gˆbdgˆn′q′ − 2gˆbn′ gˆdq′
)
S
(2)
abcdm′n′p′q′ = nanp′ gˆbn′ gˆcq′ gˆdm′
S
(3)
abcdm′n′p′q′ = ncnp′ gˆm′q′ gˆbdgˆan′
S
(4)
abcdm′n′p′q′ = nm′np′ gˆbq′ gˆacgˆdn′ + nancgˆdq′ gˆbn′ gˆm′p′ −
1
2
gˆbd
(
nm′np′ gˆacgˆn′q′ + nancgˆn′q′ gˆm′p′
)
S
(5)
abcdm′n′p′q′ = gˆan′ gˆbp′ gˆcq′ gˆdm′
S
(6)
abcdm′n′p′q′ = gˆacgˆdm′ gˆn′q′ gˆbp′
S
(7)
abcdm′n′p′q′ = gˆacgˆbdgˆm′p′ gˆn′q′ .
(6.3)
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In writing the expressions for the coefficients D(k), we have replaced Kouris’ z with our Z
according to
z = cos2
(
1
2
Hµ
)
=
1
2
(1 + cos(Hµ)) =
1
2
(1 + Z) . (6.4)
In order to compare with our results, we can directly take the expression of the Weyl
correlator expressed in terms of normal vectors and parallel propagators in equation (5.23).
However, we first note that Kouris’ expression respects neither the cyclic symmetry Cabcd +
Cacdb + Cadbc = 0 nor the symmetry under exchange of index pairs Cabcd = Ccdab. This was
corrected in a later erratum [70], and the correction is equivalent to replacing the Weyl tensor
with the expression
Cabcd → 1
12
(
Cabcd + Cadcb + Ccbad + Ccdab − Cabdc − Cacdb − Cdbac − Cdcab
− Cbacd − Cbdca − Ccabd − Ccdba + Cbadc + Cbcda + Cdabc + Cdcba
)
,
(6.5)
which can be shown to equal the Weyl tensor and manifestly respects all its symmetries [71].
We then get
S
(1)
abcdm′n′p′q′ =
(3)Nabcdm′n′p′q′ − (7)Nabcdm′n′p′q′
S
(2)
abcdm′n′p′q′ = −
1
12
(8)Nabcdm′n′p′q′
S
(3)
abcdm′n′p′q′ = −
1
4
(4)Nabcdm′n′p′q′
S
(4)
abcdm′n′p′q′ = −
1
2
(2)Nabcdm′n′p′q′ + 1
2
(6)Nabcdm′n′p′q′
S
(5)
abcdm′n′p′q′ =
1
6
(9)Nabcdm′n′p′q′
S
(6)
abcdm′n′p′q′ =
1
2
(5)Nabcdm′n′p′q′
S
(7)
abcdm′n′p′q′ =
(1)Nabcdm′n′p′q′ .
(6.6)
Additionally, the sign of S
(6)
abcdm′n′p′q′ as given by Kouris must be changed. Kouris’ expression
then reduces to〈
C˜abcd(x)C˜m′n′p′q′(x
′)
〉
c
=
2κ2H6
4pi2
[
1
2
1− 3Z
(1− Z)3
(1)N + 3 1 + Z
(1− Z)3
(2)N − 48
(1− Z)3
(3)N
− 3 3− Z
(1− Z)3
(4)N − 3 1
(1− Z)2
(5)N − 3 1 + Z
(1− Z)3
(6)N
+
48
(1− Z)3
(7)N + 7− Z
(1− Z)3
(8)N + 1
2
3− Z
(1− Z)3
(9)N
]
[ab][cd][m′n′][p′q′]
,
(6.7)
which coincides with the tree-level part of our result (5.23) up to a factor of 2 if we interpret
1−Z as 1−Z+ i±. Both the sign and the factor of 2 are acknowledged in the erratum [70].
We thus see that the Bunch-Davies vacua for gravitons in closed and spatially flat
coordinates are physically equivalent (at least for geometric properties within any region of
finite proper size) since they lead to the same Weyl correlator – despite the existence of
an infrared divergence for the graviton propagator in flat coordinates [72] which is absent
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in closed coordinates [69]. Indeed, the local geometric properties in a region of finite size
are entirely characterized by the Riemann tensor in that region. Moreover, since the linear
perturbation of the Ricci tensor with an appropriately raised index is gauge invariant and
vanishes around a de Sitter background, the Weyl correlator is sufficient to characterize the
fluctuations of the local geometry at this order. Only global geometric properties, which
require knowledge over an infinite size region and to which the “no-hair” properties and
attractor character of de Sitter space do not apply, are not properly characterized by the
Riemann tensor.
Using a de Sitter-noninvariant gauge in conformally flat coordinates, Mora, Tsamis and
Woodard have also calculated the two-point Weyl correlation function at tree level [38, 39]. In
their latter article [39] they state an agreement with Kouris’ result after the above corrections
are taken into account. Our result, therefore, agrees also with theirs.
6.2 The Ricci and stress tensor correlators
We can compare our Ricci correlator to the stress tensor correlator for conformal fields
obtained by Osborn and Shore [35]. They use as a basic set of bitensors the geodesic distance
µ, the normal vectors na and na′ and the parallel propagator gˆab′ , which they name θ (rescaled
by H), xˆa, yˆa and Iab, respectively. Adapted to our notation, their result for the four-
dimensional case is given by
〈TabTc′d′〉c =
1
48pi4
H8(1− Z)−4
[(
gˆa(c′ + 2nan(c′
) (
gˆd′)b + 2nd′)nb
)− 1
4
gˆabgˆc′d′
]
. (6.8)
Since all connected correlators of the Ricci scalar vanish, as remarked in section 5.3, up to
the order at which we are working the Einstein equation gives
gˆasgˆc′m′
〈
R˜sbR˜
m′
d′
〉
c
=
1
4
κ4〈TabTc′d′〉c , (6.9)
which coincides exactly with equation (5.38) when we take α = (2880pi2)−1, corresponding
to the single scalar field that Osborn and Shore considered. Once again, we should interpret
their 1 − Z as 1 − Z + i±. Furthermore, taking into account the substitution 3α/2 = b for
the prefactor, as explained in section 5.4, one can see that the result also agrees for the other
examples of CFTs that they studied.
7 Discussion
In this article, we have computed the full two-point Riemann correlator for metric pertur-
bations around de Sitter spacetime including radiative corrections from loops of conformal
matter fields and shown that they do not break de Sitter invariance. Specifically, we have
obtained the exact result up to order H4/m4p and written it in a manifestly de Sitter-invariant
form in terms of the invariant biscalar Z(x, x′) and its covariant derivatives (or, equivalently,
in terms of the basis of invariant bitensors introduced by Allen and Jacobson [36]). We have
primarily focused on free massless, conformally coupled scalar fields as a definite example.
Nevertheless, our approach makes use of the CTP effective action that results from function-
ally integrating the matter fields and, as explained in section 3.1, this effective action has
the same form for any CFT up to two constant coefficients (b and b′) which depend on the
specific theory. Therefore, we were also able to obtain the general result valid for any CFT:
for free theories it corresponds to one-loop order in the matter fields, whereas for interacting
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ones it accounts for the effects of processes involving any number of matter loops but no
internal graviton propagators.
It should be emphasized that the de Sitter-invariant result for the Riemann correlator,
which fulfills both Bianchi identities and all the relevant symmetries under exchange of in-
dices, comes out at the end of a rather nontrivial and lengthy calculation where de Sitter
invariance was not assumed at any point. In fact, in order to compute the correlator for
the metric perturbations, we completely fixed the gauge using a non-invariant gauge fixing.
(Hence, our calculation is not affected by the recent controversy concerning the use of average
gauges in de Sitter [44–49].) However, what is always necessary so as to have an exactly de
Sitter-invariant result is a suitable de Sitter-invariant state. In this respect it is important
to keep in mind that while the Bunch-Davies vacuum for a free theory is de Sitter invariant,
it will cease to be de Sitter invariant when it is evolved by a Hamiltonian that includes in-
teractions (a point which has often been overlooked in the literature). A de Sitter-invariant
state for the interacting theory is needed instead. The i prescription introduced in section 3
selects as asymptotic initial state an adiabatic vacuum of the interacting theory which con-
stitutes the appropriate generalization of the Bunch-Davies vacuum to the interacting case.
In [14] this kind of prescription for the expanding Poincare´ patch was shown to be equivalent
to the Hartle-Hawking state (also known as Euclidean vacuum) for the interacting theory,
obtained by analytic continuation of the correlation functions calculated in the hypersphere
to global de Sitter spacetime, a procedure which, if well defined, automatically leads to de
Sitter-invariant results. This was done for massive scalar fields with nonderivative inter-
actions. In contrast, the case studied here involves derivative interactions, graviton fields
that behave like massless minimally coupled scalar fields and the gauge freedom associated
with local diffeomorphisms. In this sense, one can regard our de Sitter-invariant result as
supporting evidence that the Hartle-Hawking construction is also possible in this case and is
equivalent to the calculation in the Poincare´ patch (with some qualifications).
Besides the fact that it exhibits de Sitter invariance (or its absence) manifestly when
written in terms of maximally symmetric bitensors, the Riemann correlator with appropri-
ately raised indices has other appealing properties at the order at which we are working.
It is gauge invariant at order 1/N for a large N expansion in the number of matter fields
(which excludes the contributions of graviton loops, of higher order in 1/N). Furthermore,
the Riemann tensor provides a suitable characterization of the local geometry and its correla-
tor is an infrared-safe observable [26–29] at that order. In contrast, there are gauge-invariant
quantities which cannot be determined by the geometry within a region of fixed (and finite)
proper size: they depend on global properties or on geometric properties associated with
a region whose proper size grows with the cosmological expansion (e.g., a region of fixed
comoving size). Classical no-hair theorems for de Sitter space do not apply to them and in
general the correlators characterizing their quantum fluctuations exhibit infrared divergences
as the number of past e-foldings tends to infinity, which is incompatible with de Sitter invari-
ance. (A simple example of such gauge-invariant objects is the tree-level correlator for the
transverse-traceless metric perturbations in terms of the background spacetime coordinates.)
Thus, in the gravitational case de Sitter invariance can only hold at the quantum mechanical
level for observables depending on the geometry within regions of arbitrary but finite proper
size. The Riemann tensor and its correlators constitute a convenient example of such class
of observables at leading order in 1/N .
We close this section with an outlook of possible lines of future research. First of all,
there are several aspects concerning the case of conformal matter fields that one can further
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investigate. One of them is getting a nonperturbative result in κ2 for the Riemann correlator.
This is necessary in order to capture correctly the full behavior of the correlator at large sep-
arations. Indeed, as shown in equation (5.31), one expects to get terms with arbitrarily high
powers of κ2H2 lnZ, which cannot be treated as a small expansion parameter for sufficiently
large values of |Z|, and one needs to resum all these logarithmic terms. Such a resummation
would be automatically taken care of if one were able to obtain the nonperturbative result
in κ2 for the correlator, but still to order 1/N so that contributions from graviton loops
do not need to be considered and the Riemann correlator is gauge invariant (and infrared
safe). Interestingly, it has been argued that the correlator of the metric perturbations to
leading order in 1/N can be obtained in terms of the homogeneous solutions and retarded
propagator of the linearized semiclassical Einstein equation [30]. Combining that insight
with the nonperturbative solutions, recently obtained in [17], of the linearized semiclassical
Einstein equation around a de Sitter background (which takes into account the backreaction
of conformal fields) may make it possible to obtain a nonperturbative result in κ2 for the
Riemann correlator.
On the other hand, it is also of great interest to extend the results presented here to
include the effects of radiative corrections from other kinds of fields besides conformal matter
fields. A first step would be to consider loop corrections to the Riemann correlator due to free
scalar fields with general mass and curvature-coupling parameter ξ. Massless (or sufficiently
light) minimally coupled fields are particularly interesting since they play an important role
in inflationary cosmology and are the ones leading to stronger infrared effects in de Sitter.
More challenging is to include the effects of graviton loops. The necessary renormalization
for dealing with the UV divergences that arise in this case when functionally integrating the
metric perturbations should be performed within a covariant treatment which requires in turn
the use of DeWitt-Fadeev-Popov ghosts and BRST quantization [73], and is technically quite
involved. Furthermore, once graviton loops are taken into account, the Riemann correlator
(expressed in terms of background spacetime coordinates) ceases to be gauge invariant and
infrared safe. In fact, when going beyond a linear treatment of the metric perturbations,
one needs in general to confront the (conceptual) difficulties of constructing diffeomorphism
invariant observables, which can be, at best, approximately local [74]. Nevertheless, for
a perturbative calculation around the maximally symmetric de Sitter background, it may
be possible to consider a generalized gauge-invariant Riemann correlator by considering the
parallel transport (with the perturbed metric) of the two Riemann tensors to a common
point. At sufficiently higher order, however, new UV divergences will arise due to the fact
that the tensors are parallelly transported along a one-dimensional geodesic and some kind
of smearing around the curve should be introduced.
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A Metric expansion
For the perturbed metric gab we have
gab = ηab + κhab
gab = ηab − κhab + κ2hamhbm +O
(
h3
)
h = ηabhab
√−g = 1 + 1
2
κh+
1
8
κ2h2 − 1
4
κ2hmnh
mn +O (h3) .
(A.1)
where all indices are raised and lowered with the unperturbed metric ηab and we have rescaled
the metric perturbations hab by a factor κ =
√
16piGN. Note that then the kinetic term is
canonically normalized up to a factor 1/2.
For the calculation of the Christoffel symbols (the connection) and the curvature tensors
we regard hab as a tensor field in flat space. The covariant derivative associated with gab is
denoted by ∇c. For the Christoffel symbols we obtain
Γ abc =
1
2
κSabc − 1
2
κ2hamS
m
bc +O
(
h3
)
Sabc = ∂bh
a
c + ∂ch
a
b − ∂ahbc
Saac = ∂ch
∂chmb =
1
2
ηan (δ
n
mS
a
bc + δ
n
b S
a
mc) ,
(A.2)
where ∂m = ηmn∂n. Taking equation (A.2) into account, the calculation of the curvature
tensor and its contractions is straightforward and we get
Rabcd = κ∂[cS
a
d]b − κ2ham∂[cSmd]b −
1
2
κ2ηpmη
aqSpq[cS
m
d]b +O
(
h3
)
Rab =
1
2
κ (∂mS
m
ab − ∂a∂bh)− κ2hnm∂[nSmb]a −
1
2
κ2ηmnη
cdSnd[cS
m
b]a +O
(
h3
)
R = κ (∂m∂nh
mn −h) + κ2hmn (∂n∂mh+hmn − 2∂n∂ahma)
− 1
4
κ2 (2∂ch
nc − ∂nh) (2∂ahna − ∂nh) + 1
4
κ2 (3∂chmd − 3∂mhcd)
(
∂chmd
)
+
1
4
κ2 (∂dhmc)
(
∂chmd
)
+O (h3) ,
(A.3)
with  = ηmn∂m∂n.
Finally, the Weyl tensor is given in four dimensions by
Cabcd = Rabcd− 1
2
(Racgbd −Radgbc +Rbdgac −Rbcgad)+ 1
6
R(gacgbd−gadgbc) = O (h) . (A.4)
B Conformal transformation
Under the conformal transformation
g˜ab = e
2ωgab , (B.1)
where ω(x) is an arbitrary function of the coordinates, the transformed Christoffel symbols
are given by
Γ˜ abc = Γ
a
bc + (δ
a
b δ
m
c + δ
a
c δ
m
b − gbcgam) ∂mω . (B.2)
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This implies the following transformation for the curvature tensor and its contractions:
R˜abcd = R
a
bcd + 4g
akδm[c gd][k
[∇b]∇mω − (∇b]ω)(∇mω)]− 2δa[cgd]b(∇mω)(∇mω)
R˜bd = Rbd − 2 [∇b∇dω − (∇bω)(∇dω) + gdb(∇mω)(∇mω)]− gbd∇m∇mω
e2ωR˜ = R− 6∇m∇mω − 6(∇mω)(∇mω) ,
(B.3)
where ∇c is the covariant derivative associated with the metric gab.
C Special functions
We define the entire function Ein(z) in terms of the following integral:
Ein z =
∫ z
0
et − 1
t
dt =
∞∑
k=1
zk
k k!
. (C.1)
Its expansion at infinity can be obtained by an asymptotic analysis of the above integral,
and is given by
Ein (αr + β) ∼ −γ − ln(−αr) + eαr+βO (r−1)+O (r−1) (r →∞) , (C.2)
where γ is the Euler-Mascheroni constant, and α and β are complex constants with <eα ≤ 0.
Some useful integrals involving Ein(z) which can be easily obtained by partial integration
are ∫
eat
bt+ c
dt =
1
b
e−
ac
b
[
Ein
[a
b
(bt+ c)
]
+ ln (bt+ c)
]
∫
eat ln(bt+ c) dt =
1
a
[(
eat − e−acb
)
ln (bt+ c)− e−acb Ein
[a
b
(bt+ c)
]]
∫
eat Ein(bt+ c) dt =
1
a
eat Ein(bt+ c) +
1
a
e−
ac
b
[
Ein
(a
b
(bt+ c)
)
− Ein
(
a+ b
b
(bt+ c)
)]
,
(C.3)
where a, b and c are arbitrary complex parameters. These integrals depend continuously on
the parameters a and c. Therefore, the integral of Ein(bt+ c), for instance, can be calculated
by taking the limit a→ 0 in the last equation of (C.3).
D Fourier transforms
For the calculation of the Riemann correlator (5.4) we need Fourier transforms of the form
fi1···(x, x
′) = F(p, r)
[
f˜i1···(p, η, η
′)
]
≡
∫
f¯i1···(p, η, η
′) eipr
d3p
(2pi)3
, (D.1)
where r = x − x′. In order to compute this integrals, we first need to remove the tensorial
structure. The tensors ηab and δ
0
a can be simply factored out, whereas pa factors can be
extracted out of the Fourier transform as follows:
F(p, r) [paf¯i1···(p, η, η′)] = −i (∂a − δ0a∂η)F(p, r) [f¯i1···(p, η, η′)] . (D.2)
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The Fourier transform of the remaining scalar factor must then be understood in the sense
of distributions, i.e. we calculate
f(x, x′) = d-lim
→0
[
1
2pi2|r|
∫ ∞
0
e−|p|f˜(|p|, η, η′) sin (|p||r|) |p|d|p|
]
, (D.3)
where we have taken into account that because of rotational symmetry those scalar factors
only depend on the absolute value of p.
As a technical detail, we note that for the Fourier transform of e.g. papb|p|−3 we have
to introduce a lower bound ξ for the integral in equation (D.3). After differentiating as
indicated in equation (D.2), all dependence on ξ disappears. This is because while the
Fourier transform of papb|p|−3 is well defined (and is given by the result of this procedure),
the Fourier transform of |p|−3 alone is not.
Employing the integrals for the Ein function given in appendix C and using partial inte-
gration to reduce any powers of |p|, most of the Fourier transforms can be readily calculated
in this way. In addition, we need the indefinite integral∫
ln(ap)
1
p
dp =
1
2
ln2(ap) , (D.4)
and the definite integral
I =
∫ ∞
0
e−peiap Ein(ibp)
1
p
dp (D.5)
for real parameters a and b. Since it is absolutely convergent, to compute this integral we
can insert the series expansion of the Ein function to get
I =
∞∑
k=1
(ib)k
k k!
∫ ∞
0
e−peiappk−1 dp =
∞∑
k=1
1
k2
(
− b
a+ i
)k
= Li2
(
− b
a+ i
)
, (D.6)
where Li2(z) is the dilogarithm function. However, this definite integral only occurs together
with pa, so that its derivative,
Li′2(z) = −
ln(1− z)
z
, (D.7)
which can also be inferred directly from the series expansion, is the only expression that we
need for our computation.
E Explicit expressions for the two-point Riemann correlator
Here we give the explicit expressions for the coefficient functions R(0,k)(Z) and R(1,k)(Z) in
equation (5.8). The tree-level results are
R(0,1)(Z) = 1
8
(1− 3Z)(1− Z)−3 , R(0,2)(Z) = 3
4
(1− Z)−4 ,
R(0,3)(Z) = −3
2
(3− Z)(1− Z)−5 , R(0,4)(Z) = −3
4
(2− Z)(1− Z)−4 ,
R(0,5)(Z) = −3
4
(1− Z)−2 , R(0,6)(Z) = −3
4
(1− Z)−4 ,
R(0,7)(Z) = 3
4
(5− Z)(1− Z)−5 , R(0,8)(Z) = 1
4
(4− Z)(1− Z)−4 ,
R(0,9)(Z) = 1
8
(3− Z)(1− Z)−3 ,
(E.1)
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and the matter loop corrections are given by
R(1,1)(Z) = −4Z3(1 + Z)−3(1− Z)−3 ln
[
1
2
(1− Z)
]
− 1
6
(1− 2Z − Z2 + 26Z3)(1 + Z)−2(1− Z)−4 ,
R(1,2)(Z) = 12Z(1 + Z2)(1 + Z)−4(1− Z)−4 ln
[
1
2
(1− Z)
]
+ Z(11 + 4Z + 17Z2)(1 + Z)−3(1− Z)−5 ,
R(1,3)(Z) = −12Z(7 + 10Z2 − Z4)(1 + Z)−5(1− Z)−5 ln
[
1
2
(1− Z)
]
− (8 + 101Z + 58Z2 + 168Z3 − 2Z4 − 13Z5)(1 + Z)−4(1− Z)−6 ,
R(1,4)(Z) = −6(1 + 4Z2 − Z4)(1 + Z)−4(1− Z)−4 ln
[
1
2
(1− Z)
]
− 1
2
(11 + 10Z + 58Z2 − 2Z3 − 13Z4)(1 + Z)−3(1− Z)−5 ,
R(1,5)(Z) = −6Z(1 + Z)−2(1− Z)−2 ln
[
1
2
(1− Z)
]
− 1
2
Z(11− 13Z)(1 + Z)−1(1− Z)−4 ,
R(1,6)(Z) = −12Z(1 + Z2)(1 + Z)−4(1− Z)−4 ln
[
1
2
(1− Z)
]
− (2 + 17Z + 10Z2 + 19Z3)(1 + Z)−3(1− Z)−5 ,
R(1,7)(Z) = 24Z(3 + 5Z2)(1 + Z)−5(1− Z)−5 ln
[
1
2
(1− Z)
]
+ 2(11 + 71Z + 61Z2 + 97Z3)(1 + Z)−4(1− Z)−6 ,
R(1,8)(Z) = 4(1 + 5Z2)(1 + Z)−4(1− Z)−4 ln
[
1
2
(1− Z)
]
+ (7 + 12Z + 29Z2)(1 + Z)−3(1− Z)−5 ,
R(1,9)(Z) = 4Z(1 + Z)−3(1− Z)−3 ln
[
1
2
(1− Z)
]
+ (1 + 5Z)(1 + Z)−2(1− Z)−4 .
(E.2)
Using the basis introduced by Allen and Jacobson [36], the tree-level coefficient functions
S(0,k)(Z) in equation (5.10) are given by
S(0,1)(Z) = 1
8
(1− 3Z)(1− Z)−3 , S(0,2)(Z) = 3
4
(1 + Z)(1− Z)−3 ,
S(0,3)(Z) = −12(1− Z)−3 , S(0,4)(Z) = −3
4
(3− Z)(1− Z)−3 ,
S(0,5)(Z) = −3
4
(1− Z)−2 , S(0,6)(Z) = −3
4
(1 + Z)(1− Z)−3 ,
S(0,7)(Z) = 12(1− Z)−3 , S(0,8)(Z) = 1
4
(7− Z)(1− Z)−3 ,
S(0,9)(Z) = 1
8
(3− Z)(1− Z)−3 ,
(E.3)
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and the matter loop corrections S(1,k) are
S(1,1)(Z) = −4Z3(1 + Z)−3(1− Z)−3 ln
[
1
2
(1− Z)
]
− 1
6
(1− 2Z − Z2 + 26Z3)(1 + Z)−2(1− Z)−4 ,
S(1,2)(Z) = 12Z(1 + Z2)(1 + Z)−3(1− Z)−3 ln
[
1
2
(1− Z)
]
+ Z(11 + 4Z + 17Z2)(1 + Z)−2(1− Z)−4 ,
S(1,3)(Z) = −24(1− Z)−3 ln
[
1
2
(1− Z)
]
− 10(3 + 5Z)(1− Z)−4 ,
S(1,4)(Z) = −6(1 + Z + 3Z2 − Z3)(1 + Z)−3(1− Z)−3 ln
[
1
2
(1− Z)
]
− 1
2
(11 + 21Z + 45Z2 − 13Z3)(1 + Z)−2(1− Z)−4 ,
S(1,5)(Z) = −6Z(1 + Z)−2(1− Z)−2 ln
[
1
2
(1− Z)
]
− 1
2
Z(11− 13Z)(1 + Z)−1(1− Z)−4 ,
S(1,6)(Z) = −12Z(1 + Z2)(1 + Z)−3(1− Z)−3 ln
[
1
2
(1− Z)
]
− (2 + 17Z + 10Z2 + 19Z3)(1 + Z)−2(1− Z)−4 ,
S(1,7)(Z) = 24(1− Z)−3 ln
[
1
2
(1− Z)
]
+ 10(7 + 5Z)(1− Z)−4 ,
S(1,8)(Z) = 4(1 + 2Z + 3Z2)(1 + Z)−3(1− Z)−3 ln
[
1
2
(1− Z)
]
+ (9 + 20Z + 19Z2)(1 + Z)−2(1− Z)−4 ,
S(1,9)(Z) = 4Z(1 + Z)−3(1− Z)−3 ln
[
1
2
(1− Z)
]
+ (1 + 5Z)(1 + Z)−2(1− Z)−4 .
(E.4)
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